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Abstract
The present paper is devoted to study initial-boundary value problems as-
sociating an integral condition with Neumann condition for a pseudohyperbolic
equation. We establish the existence, uniqueness and continuous dependence
upon the data of a classical and weak solutions in a nonclassical function space.

1. Introduction

A great number of physical problems can be modeled by the following partial
differential equation:
%6 0%9 %0
— — Qe — s
at? 0x2 Otox?
for (z,t) € @ = Q x I,where Q = (0,1), I = (0,T) are bounded intervals in Ry,
« and 8 are positive constants, and (3 %gy is the weak viscosity.

(1.1) = h(z,1),

We consider the function 8 = 0(z, t) satisfying equation (3.1) in @, and

(1.2) 8(z,0) = d(z), ae(gt, O _v@), zeq
(1.3) aeg; D _ ), / 8(z,t)de = m(t), tel,
Q

where h, ®, ¥, y and m are known functions verifying:
heC(Q), ®,¥eC'(Q),pandme C*(I),

and the compatibility conditions

' (0) = u(0), /(;(P(a:)dx = m(0), ¥'(0) = 4'(0), /Q\Il(a:)dm =m’(0).
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The present work can be regarded as a continuation of results obtained in [ 7 ],
in so far as in [ 7], are shown the existence and uniqueness of a strong solution
of a similar problem, in which the proof is based on an energy inequality and
on the density of the range of the operator generated by the studied problem.
However, in the present work, we are interested in classical and weak solutions
of the considered problem. To this end, we convert problem (1.1)-(1.3) into an
equivalent problem as in [4], while the Neumann and integral conditions are
homogeneous:

92 82 8
(1.4) W‘; - aa—a:; _ ﬂwzz = f(z,t), (z,t)€Q,
(15) w0 =p@), 28V _y@ seq
(1.6) w =0, /ﬂu(m, tydz = 0, tel.
with
(1.7) ¢'(0) = O,Lw(x)dx =0, ¢'(0) = 0,/Q¢(w)d:1: =0.

Let us mention that this paper can be considered as a continuation of {1, 3,
5, 6, 8, 9,10, 11, 13], where mixed problems with nonlocal condition(s) for
other linear equations were considered.

The plan of the paper is the following:
2. Notations and preliminary results
3. Classical solution
3.1. Uniqueness and continuous dependence of the solution
3.2. Existence of the solution
3. Weak solution
3.1. Weak formulation
3.2. A priori estimates
3.3. Existence of the solution
3.4. Uniqueness and continuous dependence of the solution.

2. Notation and preliminary results

The following notation will be used throughout the paper:

Let H be a Hilbert space with norm ||.|| ;. For simplicity, throughout the
paper, (,-) denotes the scalar product in L? (Q) and ||-|| its associated norm. By
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L% (9), we denote the space of square integrable functions with zero mean value
on 2, namely

Lg(Q)={u€L2(Q):/

udr = 0} ,

Q

which is clearly a Hilbert space for the scalar product (-, ). We denote by
C(Q),C*(Q) (i=1,2),L*(I;H),H*(I; H) the standard function spaces; by
Co (2) the space of continuous functions with compact support in Q; by Bi (Q)
the space of square summable primitive functions, first introduced by the author
[3, 4, 8], which can be considered as a completion of space Cy (2) for the scalar

product
(u, w)B%(Q) = / Seu Spwdz,
Q

and the corresponding norm

““”B;(Q) =4/ (U’U)B.}(Q) = ||y,

for every fixed z € Q, where S,u = foz u (&) d€. It is easy to get

2 2.
(2.1) lullpy@y < 5 llull”,

for every u € L?(Q), from which we deduce the continuity of the imbedding
L?2(Q) — Bi(Q).

To obtain the classical solution, we use Fourier’s method. For this, we have
need to recall the following properties of Fourier series:

LEMMA 2.1([12]). If a continuous periodic function u(z,.) has continuous
derivatives up to and including (k — 1)—th order, whilst the k—th order derivative
is piecewise continuous, then the Fourier coefficients a,, and by, of u(z,.) are of
order O (&) -

REMARK 2.1. If we have to expand the function u(z,.) given in the interval
2 in a series cos %"z then the previous requirements must be fulfilled for the
function u(z,.) obtained for the even extension of u(z,.). In particular, for the
continuity of u(z,.) it is necessary that «'(0,.) = u/(l,.) = 0, since otherwise the
even extension has a discontinuity at points z = 0 and =z = [. The continuity
of u(z,.) at points x = 0 and = = | holds automatically for the even extension.
In general, for the continuity of odd derivatives of the extended function must
have v¥)(0,.) = u®(1,.) = 0 (k=1,3,5,...,2n + 1). The even derivatives are
automatically continuous.
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3. Classical solution

The nearest result to the investigation considered in this subsection can be
found in [ 2 ], in which is studied a similar problem with o = 1, 8 = 0 and instead
of the Neumann condition it is given the Dirichlet condition. Since the presence
of the integral in boundary conditions can greatly complicate the application
of standard techniques, the author of [2] converted the posed problem to an
equivalent form in which the integral term did not appear, and used the Fourier
method to prove the existence and uniqueness of a classical solution. However,
in this subsection and in the remainder of the paper we conserve the problem
as is posed and we work in the nonclassical function space B3(Q). This greatly
facilitate the solvability of the considered problem.

We start by stating the definition of classical solution to problem (1.4)-(1.6):

DEFINITION 3.1. A classical solution of problem (1.4)-(1.6) is a function
u: 1 — L%(Q) such that:
i) u € C%(Q) with continuous derivative in Q of the form a—‘;’;—g—;,
ii) u satisfying equation (1.4),
iii) » fulfils the initial conditions (1.5), and the boundary conditions (1.6).

3.1. Uniqueness and continuous dependence of the solution

In this section, we first establish some a priori estimates, then we conclude
directly the uniqueness and continuous dependence of the solution upon the data.

THEOREM 3.1. If u(z,t) is a classical solution of problem (1.4)-(1.6) and
f€C(Q), then it satisfies the following a priori estimates:

B JuenP<a ( /0 £ Dy 4t + el + uwn%;m)) ,

ou(., ) 2

ot

@ | ([ 1t Oy e+ 1l + 10l )

<c
B3 (Q)
where ¢ = 7 max (La, %) ,C2 = max (l,a, %) and 0 <7<T.
PrOOF. Taking the scalar product in B3(Q) of equation (1.4) and ‘Z—“;‘, and
integrating the result over (0, 7), we have

T (0%u(.,t) Ou(.,t) T (8%u(.,t) Bul.,t)
) [ (B B0y [7(Pa) B0
(33) 0 a2 8t ) pia) o \ Oa2 3t )y

T (3u(.,t) Ou(.,t) [T Au(.,t)
_ﬁfo (6t3x2’ 5 )B%(Q)dt—/o (f(.,t),———at )B%(Q)dt.
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The standard integration by parts of the left-hand side of (3.3) leads to

2 T
+ 2,5/
BY®) 0

T Oul.,t
= 2 [ (0. 250) dralel + oy
0 BY(@)

2

ou(.,7)
o dt

(3.4) allul, 7)) + Bu{(ﬂ-t, t)

In light of the Cauchy inequality and (2.1), the first term on the right-hand side
of (3.3) is bounded by

T 2 l2 T
5/0 1£C Iy @) dt+£/0

We choose € = % so that the second term will be simplified by the third term

in the left-hand side. Thus, we have

2

Au(.,t) dt.

ot

ou(.,7)

(3.5) allu(, )| + ((9;7

2
B;(Q)

l2 T
< 5 [ 1D g+ ol + 1

From (3.5), we obtain estimates (3.1) and (3.2).

COROLLARY 3.2. The classical solution of problem (1.4)-(1.6), if there exists,
is unique and depends continuously upon p,v and f.

3.2. Existence of the solution

Problem (1.4)-(1.6) being linear, then its solution can be found as the sum of
solutions of the following two problems:

8w 8w Bw

(3:6) % %o Paer =
Ow(z,
(37) w@0) =p(@), 220 _yq)
ow(0,
(3.8) ——L‘% =0, /ﬂw(x,t)dm =0,
and
0w 0w Bw
(39) a2 - o2 - 6&5@'2 = f(x’t)7
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dw(z,0)

(3.10) @(z,0) = o

=0,

(3.11) Bw(O Y / w(z,t)dz =

Let us start with the first problem. Applying the method of separation of vari-
ables, so we shall find a non-trivial solution of the form w(z,t) = X(zx) - T'(¢t).
Substituting it in equation (3.6), we get

XI/(:L.) _ T”(t)
X(x) — BT'(t)+aT(t)’

therefore, we obtain the equations

(3.12) X"(z) + AX(z) =0,

(3.13) T"(t) + BAT'(t) + aXT'(t) = 0,

where A is a strictly positive constant. The boundary conditions (3.8) give
(3.14) X'(0) = / X(z)dz

According to conditions (3.14), the non-trivial solution of (3.12) is given by

(3.15) Xn(z) = Ap cos vV Az,

with \, = ('—’f’-)2 To each of these values of \,, we must find the solution of
equation (3.13). Being a differential equation with constant coefficients, then its
characteristic equation is

216 (™) 4 (7Y 0 =
(3.16) 'r+,6(l) r+(l) a=0.
Since the discriminant A of (3.16), defined by A = (lltl)2 [(”‘l—”)2 B% — 4a] , is
positive for n > ng = F ( 2—%?) + 1, thus the equation admits two distinct roots:
@1 1= (- () 8+ VA) /2P = (- ()" 8- VA) /2.

Hence the solution of (3.13) is given by

(3.18) Tp(t) = Bpe™ t + Bpe™t
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REMARK 3.1. The roots i) and i) are negatlve Indeed, jsuppose that r( )
is posmve ie., —(”") B+VA >0, thus A > (“”) B2 o ("l") 3% —4a ('”’) >
(nl") B2, which is absurd.

Consequently, we have

(3.19) et < 1and et < 1.

It then follows from (3.15) and (3.18), that

w(x,t)=§:wna¢t ZCOST:L'(Ce,, +Def)t),

n>ng n2ng
where @
C Tn Pn = Vn D 'an - ""n ‘Pn
n= (2) _ (1) v n = T(Q) _ ,,,(1) ’
'n ’n n n
with

Pn = z/ p(x) cos E:::d:c, P = g/ P(z) cos I vda.
lJa l l Jo l

Thus the solution w(z,t) can be written as follows

(2) rDg (1) r(2¢ r2t rit
nm Ty et e'n o en
(3:20) w(w,t)= ) cos—=z ( R e n)
n2ng Tn® —Tn = Tn

We now show that the series (3.20) does in fact give the classical solution to
problem (3.6)-(3.8).

THEOREM 3.3. Suppose that:
Cl: o, v €C? (ﬁ) and their third derivatives are piecewise continuous,
C2: ¢ and ¢ verify the compatibility conditions (1.7).
Then, there exists a classical solution of problem (3.6)-(3.8) which can be repre-
sented as a series converging uniformly on Q. This series can be differentiated,
term by term, twice with respect to x and t and on the form 55?3‘55 The obtained
series for the derivatives of the solution converge uniformly in the rectangle Q.

ProOOF. First, we shall verify the continuity of the function w(z,t). For this,
it is sufficient to prove the uniform convergence of the series (3.20). From which,
we have

2 1
‘er;)t _ et

G

‘Tg)erf,”t _ r’(zl)er,(,?)t

|wn(2,8)] < lon| + [9on] -

B
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In light of (3.19), we get

o]+ 1] :

lwn (2, )| < =51 lnl + 57757 [¥nl -
o

According to conditions C1 in Theorem 3.3 and making use Lemma 2.1, we obtain

(3.21) len] =0 (55) ,
(3.22) [¢m| = O (52) -

It follows from (3.17) that

(3.23) @]+ @] =0 (n?),
(3.24) rs,2>irs..1) =0(%),
(3.25) [r@ D] = 0 (n?),
(3.26) {r;2)|2'+ [r;y‘z =0 (n%).

By virtue of (3.21)-(3.24), we conclude that |wp| = O (Zr) , then the series (3.20)
converge uniformly, i.e., the function w(z,t) continuously adjoins its initial con-
dition. We must prove the uniform convergence of the series

Ow(x,t)
=
@ 2)
cos r’(‘l),,r’(‘z) (er"1 foem t) on + rPerPt _ (D rie v
T n n ’
Ow(z,t) nr . nm [ rPerit - pDerit et erit
or > 7T @ _ D ont o Y )
JZ n2no Tn —7Tn Tn' —Tn
'T I nn [rDerilt _ pHert erst _ oribt
./o w(§, t)dé = n;; —sin—=z ( T, ©On + 0 P
Z Ty

Similarly, by taking (3.21)-(3.25) into account, we get

[ ente t)ds] -0 (k).

|22 ~ 0 (&),

aia%g‘ =0(%) and
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Thus the functions 6—""535:1)-, %fz’tl and f:w(ﬁ, t)d¢, adjoin continuously

aw(.«i,m , Bw g,t) and fa w(&,t)dE, respectively.

We now show that the functions %%“i, %22—‘;’, g{,)—‘;’; converge uniformly. To do
this, differentiating the series (3.20) with respect to t and z as follows:

92 P2 (r,(,” ot _ 2 erf,?)t)
w
— = COS —I ©n
2 2
ot n;) l rﬁ, ) _ TSLI)
) e e
+ Yn |
T D "
0w (mr)? cos (T%z)e’”fml)‘ — p{Deridt o+ ert et "
——2_ == 7 e n n |
z n>ny ! l ’rSlz) - T‘Sll) T'E‘l2) - rSzl)
Bw
otdx?
Z ( ) rr@ (e’v('vl)t —em’ )t) Pt _ oribe
- cos ——-2: Pn + Yn
= @ _ .0 P2 _ .0

In light of (3.21)-(3.26), we have

Tt =0 |5 =0(H), [z =0 ().
from which we get the result. g

Knowing the solution of problem (3.6)-(3.8), we shall find a solution expressed
as a Fourier series of problem (3.9)-(3.11) in the form

(3.27) w(z,t) = Z wp(z,t) = Z wn(t) cos %m
n>ng n>ng
For this, we determine f(x,t) as follows:

(3.28) Z In(t) cos—a:

n>nu

with f(t) = § fn f(z,t) cos BExdzx. Substituting (3.27) and (3.28) in (3.9), yields

3 cos _m( () — ﬂ(”l—“)zw;(t) ~a ("l—”)2wn(t) —fn(t)> =

n>n()
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We observe that it is satisfied if

w(t) = B () wht) — a (BF) wnlt) = £ult).

Thus the required solution is

n>nu

1
(3.29) w(z,t) = Z cos =~ W/ er (=) _ rm(t_f)) fn(t)dr.
SR

It follows from (3.20) and (3.29) that

T(Q)erfll)t (1)61‘5l t erDt _ oriPt
u@t) = 3 cosp @t Tm o Ve
n>ng Tn' —Tn n' —Tn

1 t
+_(2)—T/ (erff’(t—f) _eri..‘)(t-f)) Falt)dr | .
b

4. Weak solution

4.1. Weak formulation

In order to define a weak solution of problem (1.4)-(1.6), we take the scalar
product in L? (I, B} (Q)) of equation (1.4) and the test function v(z,t) € V =
{v/ve H' (I,L§(Q)) : v(.,T) =0} . This yields

2 2
W () ()
ot L2(1,B}()) Oz L2(1,B3())

33
-8 (6tax v) PA(13) = (£ V)2(1.530) -

The standard integration by parts gives

H%u Ou Ov
(42) (-——,’l)) = —(¢', U(,O)) 1 - (_’_) ’
ot? L2(1,BY(®)) Bz () ot ot L2(1,B3(R))
8%u
(4.3) -« (5;57 v) (1) = a(u, U)Lz(I,Lg(n)) )

3Bu ( 61))
44) B —, = —8(p,v(.,0)) — = )
(4.4) ’B(Btaxz v)Lz(I,B;(n)) Blp,v(,0)) =B u ot L2(LL3(R))
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Inserting (4.2)-(4.4) into (4.1), we get

(22 bl ()
Bt’ 0t ) 121 5y(c)) L (LLE®) 10t ) La(1.12)
= (fa 'U)L2(I,Bé(ﬂ)) + IB(‘PvU(‘aO)) + (1/1,0(-,0))3;(9) ¢

The above equality can be written as follows:
(45) A (’I.L, U) = (f7 'U)L2 ([,B%(Q)) + ﬁ (‘pv 'U('a O)) + (¢’ U('a 0))3%(9) 3

where A (u,v) is its left-hand side.

DEFINITION 4.1. The function u is called a weak solution of problem (1.4)-
(1.6), if the following properties are fulfilled:
i) ue L?(I,LE (),
i) & e L2 (I, B} (),
iii) u verifies the integral condition (1.62),
iv) the integral identity (4.5) holds for all functions v € V.

We observe that due to i), the integral condition (1.62) has sense, and by
virtue of i) and ii) and (1.7) each term in the integral identity (4.5) is well defined.

4.2. A priori estimates

Suppose that there are sequences of functions f(™, ¢ (W) n =12, ..
satisfying conditions of Theorem 3.3, such that )

f™ — f inB3(Q), vteT
n—oc
(n) in L2
(4.6) g = ¢ in L§(%),
$™ — 4 in B}(Q),
n—oo
and for each n = 1,2, ..., there is a unique classical solution u(™ (z,), in the sense

of Definition 4.1, of the problem

82y 82y By

_ _ fn)
(4.7) 57 Yz Paaz = @0
‘ (n)
(4.8) u™(z,0) = o™ (z), @——aﬁtf’—‘—)l =™ (),
(4.9) Bu_(’")m =0 / u™(z,t)dz = 0

: ar 7 Jq ’ -
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Let us consider problem (4.7)-(4.9) for n = k and n = m. Subtracting these
equalities, we obtain

S2ubm)  g2ylkm) g3y, (km)

(4.10) G g P = @),
(k,m)
(4.11) wkm (g 0) = k) (z), FTB0 _ ykim (g,

ot

dutkm) (0, 1)

(4.12) o

=0, / u®™ (g, t)dx = 0,
Q

with ul®m)(z,t) = u®(z,t) — u™(z,1), fE&™)(x,t) = FE(z,t) — f™(z,1),
gk (g,t) = o) (2, 1) — o™ (2, 1), pEm) (2, 8) = p*) (x,8) — P (,1).

In this subsection, we derive estimates for classical solutions to problem
(4.10)-(4.12). The existence of a weak solution is obtained by subtracting a
convergent sequence, once a priori estimates are established.

THEOREM 4.1. For all k,m € N*, the following a priori estimates hold:

(4.13)
L I R
H L2(1 L3 (n)) - ( f L?(1,BL()) il v BL(Q)
(4.14)
k.
Sulkm) <es (Hf(k m)\ ”w(k m)H + IW(k ;m) )
ot L2(1,B3(2)) L2(1.BY()) B} (%)

where c3 = max (1 a, 26) TeT.

PrOOF. Taking the scalar product in B}(Q) of equation (4.10) and —————‘9"22"” ,
and integrating the result over (0, 7) with respect to ¢, we get

(415) ot o+ 2267 e 2| "
T (km)
N 2/0 (f(k’m)(”t)’au ;t( t))sg(n)dt+a‘l(p(km)‘| +”¢M)’Blm)

Omitting the third term on the left-hand side of (4.15) and estimating the first
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integral on the right-hand side by applying the Cauchy inequality, we obtain

Butkm) (., 7)||®

2
e ut | + | =

(5 1o

B3(9Q)
2

ol s oo,

B3 ()

1)

T m 2
+/ Aulem)(,t) dt
) Bt BI(Q)
l
(k,m) ’
- (2ﬂ f (%) Bl(n)dt+a” Bl(n))

aukm™ (8 ||
ot

[ (auuwm,t)” R )dt.
0 B(%)

Therefore, from Gronwall’s Lemma, we come to the conclusion that

2 |l auem (. )|?
(4.16) a”u(k’m)(.,r)” +l—-—u 8t( ™) .
B?

< max (l,a, %) TeT (/T ”f(k’m)(-,t)‘

8 R

2

B3 ()

Bl(ﬂ))

oulem (., 1) 2
ot

Integrating (4.16) with respect to 7 over I, we get

o ’ wkm (7 2dt+ i
fo o |

< (]

dt
(n)> '

REMARK 4.1. Since the right-hand side of inequality (4.16) is taken inde-
pendent of 7, we can obtain other estimates by taking the least upper bound of
the left-hand side of (4.16) with respect to 7 from 0 to 7. Thus, we have

< (2
C(I,L2 (D) ~ « BL(%)

' Jutkm) ‘2 ”f(k m)
c(1,By() — BX(Q)

B‘(Q)

L2(1,B3(92)) '

from which we have estimates (4.13) and (4.14).

L2(1,B}(%)) ”

/\

8l

L2(1,B}(%))
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2
where ¢4 = max (l,a, é—ﬂ> eT.

COROLLARY 4.2. The sequences {u(™} and {a‘g:)} converge to U and
n

%, respectively, in the following sense:

(4.17) u™ —m  in L2 (I, L% (D)),
(n)
(4.18) a’(f% - %g in L* (I, B} ().

4.3. Existence of the solution

In this section, we shall prove that the limit-function % is a solution of problem
(1.4)-(1.6) in the sense of Definition 3.2.

THEOREM 4.3.  Suppose that ¢ € L3(Q),¢ € B3(Q), f € L? (I,B3 ().
Then problem (1.4)-(1.6) possesses a weak solution.

PROOF. We must show that T satisfies identity (4.5). For this, we take the
weak formulation of the approximated problem

) ) = (£ (n) (n)
A(u,0) = (1729) s sy 0 (#75200) + (9000)
Due to the linearity of the problem, the last identity imply that, when n — oo,
the following holds, for allv € V and n=1,2,...:

lim A (u(”) -, 'u) + A(T,v)

—00

= lim (f(") —f,v)

n—oo

L2(1,B}()) +( v)Lz(IyB%(ﬂ))

+6 lim_ (99(”) -, v(.,O)) + B (p,v(.,0))

+lim (3 — g, 0))31«:) + (4, 9(-0)) g3y -
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According to Schwarz inequality and inequalities (2.1), we get

(4.19) A(u -3, 'u)
< ou™ _ou ov
T V2 8 Bt eya) 9t e,z

+a| u™ g

L2(1,L3(2) ol 22 2 230em)
ov
ot

+ﬁ| u™ — 'zZI

L2(1,L2(Q))

max (715,01 + [3) (“u(") -7

ul™ _ ou
ot ot

L2(1,L3(Q))

IA

L3(1,L3(2)

+

L2(I,Bé(n))) 1ol (1,30)

If we pass to the limit in (4.19) as n — 00, by taking into account of (4.17)-(4.18),
we obtain
n—oo

(4.20) lim A (u(") _ 3, v) —o.

Analogously, by taking (4.6) into account, we prove that

(4.21) Jim { (f("’ -~ f, v)L'—’(I,B;(Q)) +8 (w("’ - w,v(.,O))

(n) _ -

+ (v w,v(.,O))B%(Q)} 0.

It then follows from (4.20) and (4.21) that the limit function %(x,t) satisfies
identity (4.5) almost everywhere in Q.

Thus we deduce that the limit-function u(z,t) is a weak solution of problem
(1.4)-(1.6), in the sense of Definition 4.1.

4.4. TUniqueness and continuous dependence of the solution

THEOREM 4.4. Let (f,p,%) and (f*,¢*,¢*) € L?(I,B} () x L3(Q) x
B(Q) and let u and u* be two weak solutions of problem (1.4)-(1.6), correspond-
ing, respectively, to the above data. Then the following estimates hold:

(4.22) llu~ u*“ii’(I,L?,(Q)) < al (”f - f*“i2(1,3,‘}(n))

2 *112
e = @12 + 10 = ¢ B3a))
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ou  ou|?

< T (||f - f*l!iz(z,s;(m)

L2(1,Bi(R2))
2 2
e = "I+ 1% = ¥ I3y
where ¢; (i = 1,2) are positive constants independent of the solutions.

PROOF. We, first, prove that estimations (3.1)-(3.2) remain valid to weak
solution u of problem (1.4)-(1.6). To this end, we consider the sequence
u™(xz,t), n = 1,2,..., of classical solutions of problem (4.7)-(4.9), converging
to the weak solution. From (3.1), with u is replaced by u(™, we have

2
%m)'

(4.24) “u(”‘)(.,'r)”2 <c¢ (/OT

If we pass to the limit in (4.23), by taking (4.6) and (4.17) into account, and we
integrate over I with respect to t, it yields

2

£t e

dt + ”go(")

B3 (%)

2 2 2 2
(4.25) |IU”L2(I'L3(Q)) <aT (”f”L?(I,B;(Q)) +llell” + ||¢”B§(0)) :
Set w=u—u*g=f— f*u’=¢—¢* ul =1 — 1*. Since problem (1.4)-(1.6)
is linear, we apply inequality (4.24) to the solution w, we get (4.21).

Estimate (4.22) is established in the similar way, by taking into (4.18) account,
respectively, in place of (4.17).

COROLLARY 4.5. Under hypotheses of Theorem 4.4, the solution of problem
(1.4)-(1.6) is unique.
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