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A link L in a 3-manifold M is fibered if M — L is the total space of a fiber
bundle over S! whose fiber F is well-behaved near L. This means the closure of
F is a Seifert surface for L. Thus M — L is homeomorphic to F x I with ends
glued by a homeomorphism of F, which we call the monodromy of L. The
purpose of this paper is to classify all the fibered links of genus zero in §° whose
monodromy is the identity.

Burde and Zieschang [2] and Gonzalez-Acufia [3] showed that the only
fibered knots of genus one are the trefoil and figure-eight knots. If the number of
the boundary component of F is less than or equal to 3, then any homeomorphism
of F is isotopic to the identity ([1]), so we have

COROLLARY 1. The only 2-component fibered link of genus zero in S3 is
the Hopf link of Fig. 1 with fiber surface the twisted annulus drawn.

2
&

Fig. 1

COROLLARY 2. The only 3-component fibered links of genus zero in S are
the links of Fig. 2, with fiber surfaces as drawn.

In §1, we give a method for describing a Seifert surface of a link in a 3-
manifold using surgery presentation. In §2, we construct every fibered link of
genus zero whose monodromy is the identity. In §3, we prove the main theorem.

Professor Y. Matsumoto has independently obtained Corollary 2 using the
same method as ours.

1. Surgery on links. Let M be a homology 3-sphere and let L=L, U ---U L,
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p-full twists

Fig. 2

be a link of oriented simple closed curves in M. Let N; be disjoint closed tubular
neighborhoods of L; in M with preferred framings, that is, the identifications
fi: St x D2 N, such that f(S* x0)=L, and f;(S* x 1) is homologically trivial in
M — L, where D? is the disc of R? defined by {x|<1 and S'=28D%. We suppose
that the longitude f(S* x 1) is oriented in the same way as L; and the meridian
f{(1x&D?) has linking number +1 with L;, Let g; and 4; denote the homology
classes of the longitude and meridian respectively in H,(dN,).

We construct a 3-manifold M'=(M~(N, U U NT,,))\h/(Nl U--+UN,) where

N; is the interior of N; and h is a union of homeomorphisms k;: N;—»dN;= M
such that the induced map hu: H((ON;)—H,(ON)) satisfies hn(u;,)=p}=au,+
bidy, hp(Ap=2A;=cyy;+d;A;, and ad;—bic;=1.

If we further assume M’ is a homology 3-sphere, we can choose {y,,..., i}
and {yy,..., 4,y for free bases of H,(M—L) and H,(M’— L)respectively. Let v;;
and vj; be the linking numbers of L; and L; in M and in M’ respectively, and let
vy=v;;=0. Note that v;;=v; and vj;=v};. Then we have 4,=3 %, v;;u; and
Aj=2 "oy vim;. Let rjy=a;0;;+ bw;; and s;;=d;6;;— bv};, where d;; is Kronecker’s
delta, and let R=(r;;) and S=(s;;) be n X n matrices. Then we have the following
propositions.
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PROPOSITION 1. Uy By
D |=R| and S=R™%,

Hn Un

PrOPOSITION 2. Let A(xy,..., x,) and A'(xq,...,x,) be the Alexander
polynomials of L in M and L in M’ respectively, where x; corresponds to p; or
Hi. Then

Al(xl,---, xn) — A(x-illx-;lz...xiln’.“’ xﬁl‘nlxinz...x;nn)
and
A(xl,.“’xn) — A'(xillx&ll...x;’lln"“, x’l'nlxard...x"‘lnn).

Since the complements of L in M and L in M’ are homeomorphic, as a
corollary of Proposition 1, we have the following proposition due to M. Sakuma
(unpublished).

ProrosSITION 3. For links in a homology 3-sphere, the greatest common

divisor of the linking numbers of each pair of components is an invariant of link
complements. In particular, for links of 2 components in a homology 3-sphere,
the absolute value of the linking number of components is an invariant of the
link complement.

Now let M=S3 We consider a Seifert surface F for L in M’ such that
FnN;=f(S'x7y), where y is a straight-line segment connecting 0 with 1 in D2,
In practice we describe the triple (M’, F, L) by drawing a picture of L with ori-
entation and F, and writing the surgery coefficients (a;, b;) near L; if b;#0. If
b;=0, then L; is a boundary of F in this picture, Two triples (M, F, Ly and
(M’, F', L") are equivalent if there is a homeomorphism &: M—M’ such that
P(F)y=F'.

Remark. In [5, Chapter 91, M’ is described by L and the ratios a,/b;.

2. Construction. Let F be a 2-sphere with n holes and 0F=S!u --- y 81,
whose orientations are induced from one for F. We identify Fx S* with the
exterior of the link L=L, U--- U L, in S3 of Fig. 3, and take the preferred framing
for the tubular neighborhood N; of L; as in §1 so that ,, u;,, —u; and
Aj» j=2,..., n, are homology classes of S} x 1, 1, x S1, S1x1 and 1;x §*, respec-
tively, where 1;e S}.

Then every fibered link of genus zero whose monodromy is the identity
can be described by the triple (M, F, L) of Fig. 4, where L, bounds F and L;
meets F transversely in a point for j=2,..., n.

Let M=M(py,..., p,). Then (M, F, L) is independent of the order of the
p;, and reversing the orientation of M results in —M=M(—p,,..., —p,). Now
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1
C |
L, Ly L,
Fig. 3
(1,p))

(‘payl) ("PB’l) ('pn:l)

Fig. 4

7,(F x S?) has a presentation
<xls"'s Xns ylxl"'xn=1a yxi=Xx;y, i=1s-'-’ n),

where x; is represented by S!x1 and y by 1;xS'. Since y=x7?, i=1,..., n,
in n,(M), n,(M) is presented by

G = (Xygyueey Xp|X1=1o=xDn X000 x,=1).

LemMA 1. M(py,..., p,), n=2, is homeomorphic to S® if and only if
(p1s--+s Pw) OF (—Py,..., —D,) is obtained upon a permutation of:
(i) Either az(0=mZk), bay(p=1) or c* if n=2k+1.
(ii) Either aj(0Sm=k) or d3(q=1) if n=2k+2.

Here az=(0, —1,..., —1,1,..., 1),

br=(p, —1, 1,..., —1, 1),
cr=(1, -2, -1,1,..., —1,1, —3) and
d3=(‘1, ’_1: 19'-" —19 1: _q’_l)‘

PrROOF. Suppose that G is trivial. If n=2, by eliminating x,, G is isomorphic
to the group {x;|x{**?2=1). Thus p, +p,= +1, and we have a and d2.
Let us assume for convenience that |p,|=|p,|=--=|p,=0. If p,=0, then
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G is isomorphic to the free product Z, *Z,,,*---*Z,,, _,, where Z, means Z.
Thus |p;=1 for j=1,..., n—1, so we have a.
Now we suppose n=3 and p;#0 for all i. Then G has the quotient group

Xy Xy Xp| xPo=xPi = e = 20,x 0 =15,

where 1Si<j<k=n. This is the Dyck group denoted by 3 (ipil, |p,l, |pl} ([4D
and is known to be nontrivial if |p)|=|p;|2|pl=2. Therefore we have |p,|=
P2l Zips|=+-=|pJ=1. Since x;=x{tF/ for j=3,..., n, G becomes

<x13 xZprl =x}2,2:- xzx%+Plp= 1> >

where p=p;+---+p, Note that p and n have the same parity. In terms of
Xy, With x, =x7!771P, this is

{xy|xBrHPatP = 1

so we have p,+p,+pp,p==x1. If p=0, we have dj. If p#0, using
(pip+1Xp,p+1)=p+1, we obtain the rest. The converse will be shown in the
proof of the theorem. O

3. Main theorem.

THEOREM. Let L be an n-component fibered link in S3 whose fiber surface
F is of genus zero, n22. If the monodromy of L is the identity, then the triple
(S3, F, L) is equivalent to one of the following triples drawn in Fig. 5, where
the dotted bands with “k>’ or “kq’ stand for k or kq bands as shown in Fig, 6.
(i) An(0=m<gk), Bipzl), Crif n=2k+ 1.
(i) A(0=m<£k), Dig=zl) if n=2k+ 2.
Furthermore these triples are inequivalent to one another.

For each (p,,..., p,) of Lemma 1, we show that (M(p,,..., p,), F, L) yields
one of the triples of the theorem.

LeMMA 2. If p,=1, then (M, F, L) yields the triple of Fig. 7(G), and if
p,= —1, then that of Fig. 7(ii).

Proor. If p,=1, then the surgery curve for N, is homologous to 1, —p,,
so we give a meridinal twist in the right-hand sense to the solid torus S3—N, of
Fig. 8(i) to obtain the solid torus of Fig. 8(ii), whose interior is regarded as the
complement of L, in 53, O

ProoF of THEOREM. Using Lemma 2 (n— 1)-times, we see that M(a?) yields
Ar. By Lemma 2, M(b3) yields the triple of Fig. 9(i), which is the same as that
of Fig. 9(ii). Giving p left-hand twists to the solid torus $3— N, in other words,
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(1)

(1,p)

(11)

Fig. 9

performing p left-hand twists about L,, we obtain Bj.

By Lemma 2, M(d?) yields the triple of Fig. 10(i). Performing ¢ left-hand
twists about L,, we have the triple of Fig. 10(ii). If we give a left-hand twist to
the solid torus S3 — N, of Fig. 10(iii), we have the solid torus whose interior is the
complement of L, in S3, and so we have D2.

By Lemma 2, M(c*) yields the triple of Fig. 11(i). Performing a left-hand
twist about L,, we have the triple of Fig. 11(ii). Giving a left-hand twist to the
solid torus $3—N, of Fig. 11(iii), we have the solid torus of Fig. 11(iv), whose
interior is the complement of L,. Then giving a left-hand twist to the solid
torus S3—~ N, of Fig. 11(v), we have the solid torus whose interior is the com-
plement of L, in §3, and so we obtain C".

The inequivalence of these triples can be séen from the linking numbers and
the link-types of the sublinks, and the proof is complete. O

Remark. Using Proposition 2, we can compute the Alexander polynomials
of the links of the theorem, obtaing:
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q-full twists

a,q) (q+1,1)

(1)

(i1)

(iii)
Fig. 10

A)':l; (xl__l)n"Z’
BY; (x,x3Px5xp 2y xh — 1772,

. -3 4 -6 -2 -2
Cn,(x?xzsxa(’xg‘“xn—zx?xﬂxn —-1)"2,

. - —q(a+ +1)y—4 . 12
Dﬁ, (x1q+1 xzq("“)xg("“)---x,,ﬂg‘f 1) xz(_q1 1)an l)n .
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Fig. 11
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