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Using the probabilistic diameter we shall prove in this paper some fixed point 
theorems in probabilistic metric spaces. First we shall give some definitions 
and notations. 

1. A pair (S, So) is a probabilistic metric space, in [2], if and only if S 
is an arbitrary set,&>: SxS➔LJ+ (LJ+ is the set of all distribution functions F 
such that F(0)=0) so that the following conditions are satisfied (where &>(x, y) 
=Fx,y for every x, y ES): 

1. F,,,y(8)=1, for every BER+ iff x=y. 

2. F,,,y=Fy,x• for every x, y Es. 
3. F,,,y(8)=1 and Fy,z{i5)=1 implies Fx,h+b)=l, where x,y,zES, 

8, bER+. 

The (e, ).,)-topology in Sis introduced by the (8, ).,)-neighbourhoods of x ES: 

A triplet (S, So, t) is a Menger space, see [2], iff (S, &>) is a probabilistic 
metric space and t is a T-norm such that for every B 1, 82 E R + 

for every x, y, z ES. 
A set McS is probabilistic bounded, see [2], iff 

where 

D~e) = sup inf Fx,y(b) 
6<e x,yeS 

is the probabilistic diameter of the set M. 

If f: S ➔ Sand xES then 

tP/x) = {x,f(x),j2(x), ... }. 
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DEFINITION 1. [3] Let (S, .fl-) be a probabilistic metric space and f: s-s. 
A point x ES is regular for f iff sup Deii(x)(e) = 1. 

DEFINITION 2. [3] Let (S, .fl-) be a probabilistic metric space and f: S➔S. 

Two points x, y ES are asymptotic under f iff 

F f"(x),f"(yle) ➔ 1 for n➔ w, for every e > 0. 

DEFINITION 3. [3] Let X be a topological space in which the topology is 
defined by the family {dn}neN ofpseudometrics,f: X➔X and xEX. The point 
x is regular for f iff for every n EN there exists Mn such that Dn{0 f(x)) <Mm 
where Dn(A)=sup {dn(x, y): x, yEA}, Ass. 

DEFINITION 4. [3] Let X be a topological space in which the topology is 
defined by the family {dn}neN ofpseudometrics,f: X ➔X and x, y EX. The points 
x, y are asymptotic under f iff for every n EN: 

lim dn(fm(x), Jm(y)) = 0. 
m➔OO 

THEOREM 1. Let f be a continuous mapping of a complete probabilistic 
metric space (S, .fl-) into itself such that every point x EX is regular for f and 
every pair of points x, y ES is asymptotic under f. Let </>: R + ➔ R + be a one to 
one mapping such that 

1. lim 4>-14>-1• • •</>- 1(t) = lim (ef>-l)n(t) = oo 
n➔oo...___,__...... n➔oo 

for all t>0. 
n-times 

2. D01(nxnC4>(e))>D01<xle), for all x ES and all e>0. 
Then there exists one and only one fixed point of the mapping f and for all 

x ES the sequence {f"(x)}neN converges to this point. 

PROOF. From the assumption of the theorem we have 

for every x0 ES. 
Now we shall prove that the sequence {Jn(x0)}neN is a Cauchy sequence for 

every x0 ES, i.e. that for every e >0, for every A E (0, 1) there exists n0 EN such that 

Ff"(xo),f"+P(xoi(e) > 1 - A 

for all n > n0 , p= 1, 2,.... The point x0 is regular under f, so we have 

This means that for all J E (0, 1) there exists e(J) such that 
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Since lim(4>- 1)n(e)=(X), there exists n0 EN such that 
n➔<X> 

Then we have that 

i.e. that 

for all n;;,, n0 . Since a distribution function F is a nondecreasing function, we 
have that 

which means that 

for all x, yE0J<Jn(x0 )) and all n;;,,n0 . Since n;;,,n0 implies n+p;;,,n0 we have 

for all n;;,, n0 and p = 1, 2,... . The space S is complete which means that for the 
sequence {Jn(x0 )}neN• for every x 0 ES, there exists an element z ES such that 

1imJn(xO) = z. 
n➔oo 

Since f is a continuous function we obtain 

f(z) = 1imf(Jn(xO)) = limp+1(x0 ) = z, 
n--+oo n--+oo 

and so z is a fixed point of the mapping f. 
If we suppose that z is not a unique fixed point of the mapping f, i.e. that 

there exists WES, w:;z!:z, such thatf(w)=w, then we have 

Fz,w(s) = F /"(z),/»(wi(s)---+ H(s) for n---+OO, 

since every pair of points from S is asymptotic under f. So we have z = w. 
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On the Menger space with continuous T-norm t we can define the family of 
functions {tn(x)}neN with 

tnCx) = t(t(···(t(x, x), x), ... , x), ti(x) = x . ..___,__., 
n-times 

for all x e (0, 1) and n e N. An example of T-norm t such that the family {tn(x)}neN 
is equicontinuous at the point x=1 is given in [4]. 

THEOREM 2. Let (S, §, t) be a complete Menger space with continuous 
T-norm t such that the family {tnCx)}neN is equicontinuous at the point x= 1. 
Let cp: R+➔R+ be a monotone increasing mapping and let f: S➔S be a con­
tinuous mapping such that the following conditions are satisfied 

1. cp(t)<t, lim(cp-1)n(t)=oo, lim(4>-1(e)-e)=oo 
n➔oo t➔oo 

2. Ff(x),f(yi(</>(e))?;,Fx,y(e) for all e>O andfor all x, yeS. 
Then there exists one and only one fixed point of the mappinf f. 

PROOF. As it is done in the preceding theorem we can prove that 

From the condition 1 of the theorem we have 

lim F f"(x),f"(yie) = 1 for all x, ye S. 
ff ➔OO 

So we have proved that every two points are asymptotic under f. 
Now we shall show that sup D <!' t<xl e) = 1 for all x e S, i.e. that all points are 

8 

regular for f. From the definition of a Menger space we have that for all 
e>O 

F Jm(x),x(cp- 1(e)) ?;, t(F Jm(x),/(x)(e), F f(x)jcp- 1(e)-e)) 

?;, t(F1m-•(x)jcp- 1(e)), Ff(x)jcp- 1(e)-e)) 

?;, t(t(F1m-2(x).xC<1>- 1(e)), Ff(x),i4>- 1(e)-e)), Ff(x),icp- 1(e)-e)) 

?;, • ··?;, t(t(· • • t(F f(x),icp- 1(e)), F f(x),x(4>- 1(e)-e), ... , F f(x)j4>- 1(e)-e)) ..___,__., 
m-1 times 

?;, tm-1(F f(x)_xC4>- 1(e)-e)) 

for all me N. From the assumption of the theorem tm is a equicontinuous family 
of functions at x=1 and lim(cp- 1(e)-e)=oo which means that for all ,1.e(O, 1) 

8➔00 

there exists e(,1.) such that 



Fixed point theorems 

for all me N. Since, for k<n, n, k e N 

FJ•(x),Jk(x)(e(A)) > Fr-l(x),Jk-1(xiC<P-1(e()..))) > ... > Fr-k(x),xCc/>-1(e(A))) 

>1-)._ 

we get, by the definition of the probabilistic diameter, that 

which means that every point is regular under f. Now, we shall prove 

DtJJ(J(x))(cp(e)) > DtJ,(xle) 

5 

for all x e S and for all e > 0. This fact will be anable us to apply the preceding 
theorem. The function </> is monotone and increasing. This gives the next 
relation 

Let (S, .fF, t) be a Menger space with continuous T-norm t such that the 
family {tn(x)}n .. N is equicontinuous at the point x=L We know that there exists 
the sequence {an}n.,N [4] such that Jim an= 1 and the family of pseudometrics 

n➔oo 

{dn}neN defined by 

dn(x, y) = sup {t: Fx,/t)<an} 

for all x, ye S and for all n e N, induces (e, )._)-topology in S. Now we shall 
prove some theorems for this kind of spaces. 

THEOREM 3. Let (S, .fF, t) be a Menger space with continuous T-norm t 
such that the family {tnCx)}neN is equicontinuous at x=1. Let f: S➔S and 
cp: R+➔R+ be a monotone increasing upper-semicontinuous from the right 
mapping such that following conditions are satisfied 

1. cp(t)<t forallteR+ 

2. Ff(x),J(ylc/J(e)) > Fx,y(e) for all x, yes. 

Then for all x, ye S and all n e N dn(f(x), f(y)) ~ cp(dnCx, y)) and the 
mapping f has a fixed point. 

PROOF. If we suppose that for some n e N and some x, yeS dn(f(x),f(y))> 
cp(dnCx, y)) then there exists r>O 
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dnCf(x), f(y)) > r > </J(dn(x, y)). 

Since 

from the inequality 

dn(f(x), f(y)) > r 

it follows that 

F f(xl,f(yi(r) < an. 

Since <p is monotone increasing function, the condition 

</J(dn(x, y)) < r 

is equivalent to the condition 

i.e. 

Fx,y(</J-1(r)) > an ;;e Ff(x),f(yi(r) 

which is contradiction with the proposition of the theorem. From [1] it follows 
that the mapping f has a fixed point. 

THEOREM 4. Let (S, Y, t) be a Menger space with a continuous T-norm 
t such that the family {tlx)}neN is equicontinuous at the point X= 1 and let 
f: S➔S, <p: R+➔R+ and <p be a monotone increasing function. 

Then the condition 

De,(/(xn(</J(s)) > De,cx/s) for all x ES and all e>O, implies the condition 

Dn(<1J if(x)) < </J(Dn(<1J t<x)) for all n EN and for all x ES. 

PROOF. We suppose the oposite, i.e. suppose that exists x ES and n EN 
such that 

From this, since <pis monotone increasing function, we have 

This means that there exists r>O such that 
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and so 

(1) D/0if(x))) > </J(r) 

Then we have 

sup{dn(f•(x),Jm(x)): s, mENU {O}} < r. 

We can choose r 1 < r such that 

(2) dif•(x), Jm(x)) < r 1 < r for alls, m EN U {O}. 

The inequality (1) means that there exist i, k EN such that 

which implies 

(3) 

From (2) we have that 

(4) 

and by (3) it follows 

Since, we have that 

and so 

Der(f(x)/</J(r)) ¾ an. 

From (4) we get 

and so 

sup inf F f'(x),Jm(x/t) ;;,, an, 
t<r m,seNU {O} 

which means that 
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This is a contradiction and the theorem is proved. 
Next theorem can be proved similarly as it is done in [6]. 

THEOREM 5. Let X be a complete topological space where the topology is 
defined by a family of pseudometrics {dn}nsN• f: X➔X such that every point 
x e X is regular and every two points x, ye X are asymtotic under mapping f. 
If there exists </J: R + ➔ R + which is monotone, nondecreasing, u persemicontinuous 
from the right function such that 

for all x e X and for all n e N, then there exists one and only one fixed point z of 
the mapping f and 

for all xeX. 

THEOREM 6. Let (S, :F, t) be a complete Menger space with continuous 
T-norm t such that the family {tn(x)}neN is equicontinuous at the point x=l, 
a mapping f: S➔S be such that every point x e S is regular and every two points 
x, ye S are asymptotic under f and for all e > 0 and for all x e S 

where </): R+➔R+ is a monotone, increasing, uppersemicontinuous from the 
right function. Then there exists one and only one fixed point z of the mapping 
f and for all xeS 

z = limf"(x) 
R➔OO 

PROOF. From [3] all the points x e S which are regular under the definition 1 
also will be regular under the definition 3 (in topological space S where topology 
is defined by a family of pseudometrics {dn}neN). Also from [3] we have that all 
pairs of the points are asymptotic under f ( under the definition 4). From theorem 
4 it follows that from the condition 

we get the condition 

which means that all the conditions from the preceding theorem are satisfied and 
the mapping f have one and only one fixed point z and 

z = limf"(x) for all xeS. 
ff➔OO 
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