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Using the probabilistic diameter we shall prove in this paper some fixed point
theorems in probabilistic metric spaces. First we shall give some definitions
and notations.

1. A pair (S, &) is a probabilistic metric space, in [2], if and only if S
is an arbitrary set, #: SxS—A4* (4% is the set of all distribution functions F
such that F(0)=0) so that the following conditions are satisfied (where Z#(x, y)
=F,, for every x, y e §):

1. F,/ (e)=1, foreveryeeR* iff x=y.

2. F,,=F,,, forevery x, yeS.

3. F,(e)=1 and F,,(8)=1 implies F,,(e+d)=1, where x y,zeS,
g, 0 eR™T.

The (g, A)-topology in S is introduced by the (g, A)-neighbourhoods of x€ S:

Ule, ) = {y: F,(©>1—4} &>0, 1e(0, 1).

A triplet (S, &, t) is a Menger space, see [2], iff (S, #) is a probabilistic
metric space and ¢ is a T-norm such that for every e, g, € R+

F, (e1+83) > ((F, (&), F, ,(g;)

for every x, y, z€S.
A set M S is probabilistic bounded, see [2], iff

sup Dy () = 1
where
Dy(¢) = sup inf F, (5)
é<e x,yeS
is the probabilistic diameter of the set M.

If f: S— S and x€ S then
Ox) = {x, f(x), fA(x),...}.
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DeriniTioN 1. [3] Let (S, #) be a probabilistic metric space and f: S—S.
A point x € § is regular for f iff sup D (,y(e) =1.

DEerFINITION 2. [3] Let (S, &) be a probabilistic metric space and f: S—S.
Two points x, y € S are asymptotic under f iff

Fpngoymp(@ =1 for n—co, forevery &> 0.

DermviTiON 3. [3] Let X be a topological space in which the topelogy is
defined by the family {d,},.y of pseudometrics, f: X—X and xe X. The point
x is regular for f iff for every n € N there exists M, such that D (¢.(x))<M,,
where D (A)=sup {d(x, y): x, ye A}, AcS.

DermviTion 4. [3] Let X be a topological space in which the topology is
defined by the family {d,},.y of pseudometrics, f: X—+X and x, ye X. The points
x, y are asymptotic under f iff for every ne N:

lim d,(f7(x), () = 0.

THEOREM 1. Let f be a continuous mapping of a complete probabilistic
metric space (S, ) into itself such that every point x € X is regular for f and
every pair of points x, y€ S is asymptotic under f. Let ¢: R*—R* be a one to
one mapping such that

1. lim¢~lg t--- ¢l (O)=lim (¢ D)"()=00  forall t>0.

n—times

2. Dy si)((€)) = Dy iry(8), for all xe S and all £>0.
Then there exists one and only one fixed point of the mapping f and for all
x €8S the sequence {f"(x)},.n converges to this point.

Proor. From the assumption of the theorem we have
Dy (rnin(®) = Do yrn-1iap@HE D)) 2 2 Dy e)((071)"(E))

for every x, € S.
Now we shall prove that the sequence {f"(xg)},~ is 2 Cauchy sequence for
every x, € S, i.e. that for every >0, for every 1 € (0, 1) there exists ny € N such that

an(xo)’fn+p(xo)(8) >1-4

for all nz=ng, p=1, 2,.... The point x, is regular under f, so we have
Sl;:lp D@f(xo)(a) =1L

This means that for all Ae(0, 1) there exists £(1) such that



Fixed point theorems 3

Diyuo@) > 1 = 4.

Since lim (¢~1)*(¢) = co, there exists ny, € N such that

(¢71)"(e) > &(4).

Then we have that

Diysn($™7) > Doyieod) > 1= 4,

i.e. that

A
Doyprison(® > 1 = 5,

for all n>n, Since a distribution function F is a nondecreasing function, we
have that

inf  F (>sup inf F @)>1-%
x,¥e05( (%)) 8<e x,ye0p(f"(x9)) 2
which means that
A
Fx’y(s) > ]. - 7

for all x, ye @ (f"(x,)) and all n>n,. Since n>n, implies n+ p>n, we have

Fpngrgnrntrieg(e) > 1 — 4

for all n>ny and p=1, 2,.... The space S is complete which means that for the
sequence { f"(xg)}.en»> fOr €very xg € S, there exists an element z € S such that

lim f#(xg) = z.
Since f is a continuous function we obtain
F(@) = lim f(f"(x0)) = lim f+1(x) = z,

and so z is a fixed point of the mapping f.
If we suppose that z is not a unique fixed point of the mapping f, i.e. that
there exists w € S, w# z, such that f(w)=w, then we have

Fz’w(s) = an(z).fn(w)(s) a— H(E) fOI‘ n— 0o,

since every pair of points from S is asymptotic under f. So we have z=w.
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On the Menger space with continuous T-norm ¢ we can define the family of
functions {z,(x)},.y With

t"(X) = H{t(---(t(x, x), X),..., X), tl(x) = X.

n-times
forallxe(0, 1)and ne N. An example of T-norm ¢ such that the family {£,(x)},.x

is equicontinuous at the point x=1 is given in [4].

THEOREM 2. Let (S, #, t) be a complete Menger space with continuous
T-norm t such that the family {t(x)},.n is equicontinuous at the point x=1.
Let ¢: R*—R* be a monotone increasing mapping and let f: S—S be a con-
tinuous mapping such that the following conditions are satisfied

L. ¢M)<t, Em@YM=co, lim(¢H—e)=o

2. Fios0)0@)>F, (e) forall e>0 and for all x, yeS.
Then there exists one and only one fixed point of the mappinf f.

ProoF. As it is done in the preceding theorem we can prove that
F pniy, prin(8) = Fro (97 H"(e)) for all e>0.
From the condition 1 of the theorem we have

lim Ff"(x),f"(y)(s) =1 forall X, Y€ S.
n-»o0

So we have proved that every two points are asymptotic under f.
Now we shall show that sup D, (,,(¢)=1 for all xe S, i.e. that all points are
L2

regular for f. From the definition of a Menger space we have that for all
£>0

F iy (@718 = H(F prnyy, ;(8)s  F iy, (@7 1(€) —€))
= UF pm-100,(@7UE)), Fypyy (b7 (e)—¢))
= H(HF pm-200,:(71E),  Frio (™) —8)s Frin, (d7(e)—8)
>z \ﬁ("_"_t,(F 1@ @7HED  Fray(@7HE)—8)s..s Frn (@71 ()—¢)

m—1 times
= tm— I(Ff(x),x(¢_1(s) - 8))

for all me N. From the assumption of the theorem ¢,, is a equicontinuous family
of functions at x=1 and lim (¢~1(¢)—e&)= o0 which means that for all 1e(0, 1)
&-c0

there exists &(4) such that

F pmiy L@ (E(A))) 2 by 1(Fpy (@7 (AN ~2(A)) > 1 — A
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for all me N. Since, for k<n, n, keN
F pnxy, i 8(A)) 2 Fpn-1(z), pe-100( @7 EA))) = -+ = F pnseiy (71 (6(4)))
>1-—-12
we get, by the definition of the probabilistic diameter, that

Sl:P Da,(x)(ﬁ) =1

which means that every point is regular under f. Now, we shall prove

Dy (5 (@(€)) = Dy (€)

for all xe S and for all 0. This fact will be anable us to apply the preceding
theorem. The function ¢ is monotone and increasing. This gives the next
relation

D g)=sup inf F,. ) <sup inf F,n 1]
05x)(2) 6<aPn’keNU{o} e reeo(8) < Klzn’kem{o} e, re 10 P(0))

= inf F,n N <D .
¢(.s§3€(s) nl,ll:eN e, pea(P0)) < a,(f(x))(¢(8))

Let (S, #, t) be a Menger space with continuous T-norm ¢ such that the
family {z,(x)},.y 1S €equicontinuous at the point x=1. We know that there exists
the sequence {a,},.y [4] such that lima,=1 and the family of pseudometrics

{d,} ey defined by
d(x, y) = sup {t: F()<a,}
for all x, ye S and for all ne N, induces (g, A)-topology in S. Now we shall

prove some theorems for this kind of spaces.

THEOREM 3. Let (S, #,1t) be a Menger space with continuous T-norm t
such that the family {t(x)},.n is equicontinuous at x=1. Let f: S—S and
¢: R*—>R* be a monotone increasing upper-semicontinuous from the right
mapping such that following conditions are satisfied

1. ¢()<t forallteR+
2. Figyrox@(e)) > F, (e) forallx, yeS.

Then for all x,yeS and all neN d(f(x), f() < d(d(x, y)) and the
mapping f has a fixed point.

Proor. If we suppose that for some n € N and some x, yeS d(f(x), f(3)>
¢(d,(x, y)) then there exists r>0
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d(f(x), f()) > 1 > $(dy(x, ¥)).
Since
dn(x’ y) = sup {t: Fx,y(t)<an} s
from the inequality
d(f, f) > r
it follows that
Fi.pn(r) < @y
Since ¢ is monotone increasing function, the condition
$dfx, ) <r
is equivalent to the condition
d(x, y) < ¢7U(r),
ie.
Fo(@71(r) > a5 2 F iy, ;i (7)

which is contradiction with the proposition of the theorem. From [1] it follows
that the mapping f has a fixed point.

THEOREM 4. Let (S, &, t) be a Menger space with a continuous T-norm
t such that the family {t{x)},.x IS equicontinuous at the point x=1 and let
f: S-S, ¢: R*—R™* and ¢ be a monotone increasing function.

Then the condition
Dy P() > Dy x(8) for all xeS and all £>0, implies the condition
D(0(f(x) < ¢p(D,(04x)) for all neN and for all xe 8.

Proor. We suppose the oposite, i.e. suppose that exists xe S and ne N
such that

D0,(f(x))) > ¢(DL(x))) .
From this, since ¢ is monotone increasing function, we have
¢THDLIf(x)))) > D(OAx)).

This means that there exists 7> 0 such that
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D(Oix)) <r and @7 DLOLf(x)) > r
and so
ey D(0,(f(x))) > ¢(r)
Then we have

sup {d,(f5(x), f™(x)): s,meNU{0}} <r.
We can choose r; <r such that
@) d(f5(x), fx)) <ry <r foralls, meNu{0}.
The inequality (1) means that there exist i, k€ N such that

d(f¥(x), f4x)) > ¢(r)
which implies
3 F i, pe0(0(r)) < a,.
From (2) we have that
C)] F ey, pmin(re) > a, foralls, me NU {0}
and by (3) it follows

s’i'l’gNF o0, (P(N) < ay.
Since, we have that

sup inf F, D < inf Frerr om N < a
t<¢%) s,meN I (x),fk(x)() \s,meN 550, f (x)(¢( )) < a,

and so
Dy, (5 (P(r) < ay.
From (4) we get
inf  Freos smen(P]) > a
s,meNU {0} IS (x)( 1)/ n

and so

su inf Freun ;men(D) > a
up inf Freco.meo(D) 2 an

which means that

Daf(x)(r) = a, = D@,U(x))(d)(r)) > Daj(x)(r)~
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This is a contradiction and the theorem is proved.
Next theorem can be proved similarly as it is done in [6].

THEOREM 5. Let X be a complete topological space where the topology is
defined by a family of pseudometrics {d,},en, f: X=X such that every point
x e X is regular and every two points x, y€ X are asymtotic under mapping f.
If there exists ¢: R* —R™ which is monotone, nondecreasing, upersemicontinuous
from the right function such that

D(0,(x)) < H(Da(04(x)))

Jor all xe X and for all ne N, then there exists one and only one fixed point z of
the mapping f and

limfyx) =2z  forall xeX.
B0

THEOREM 6. Let (S, &, 1) be a complete Menger space with continuous
T-norm t such that the family {t,(x)},.n is equicontinuous at the point x=1,
a mapping f: S— S be such that every point x € S is regular and every two points
x, y€ S are asymptotic under f and for all ¢>0 and for all xe S

Doy (s @(e)) > Dy (2)

where ¢: R*—R™ is a monotone, increasing, uppersemicontinuous from the
right function. Then there exists one and only one fixed point z of the mapping
fand for all xe S

z= lim FAE))

Proor. From [3] all the points x € § which are regular under the definition 1
also will be regular under the definition 3 (in topological space S where topology
is defined by a family of pseudometrics {d,},.y)- Also from [3] we have that all
pairs of the points are asymptotic under f (under the definition 4). From theorem
4 it follows that from the condition

Dy, ((8)) > Dy (&)
we get the condition

D,(0,(f(x)) < ¢(D(0(x))),

which means that all the conditions from the preceding theorem are satisfied and
the mapping f have one and only one fixed point z and

z = lim f"(x) forall xeS.
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