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In this paper we study 3-manifolds obtained from two twisted I-bundles over 
a Klein bottle by identifying their boundaries. 

Let K be a Klein bottle and Kl be the (orientable) twisted /-bundle over 
K where I is the unit interval [O, 1]. Then Kl admits two Seifert fibrations §'1 

and §'2 where the orbit manifold of 9-1 is a disk with two exceptional points of 
each index 2, and the orbit manifold of §'2 is a Mobius band without exceptional 
points (see Ch. VI of [2]). Let IX be an oriented fiber of 9-1 in oKI and {:J be an 
oriented fiber of 9-2 in oKI. In this paper we often regard oriented simple loops 
with a common base point as elements of a fundamental group, therefore 
n 1(oKJ);;(1X, f:Jlaf:J=f:J1X). 

For i= 1, 2 let K 1, K;I, IX; and {:J1 be two copies of K, KI, IX and {:J respectively. 

Let A=(; ~)bean element of GL(2, Z) and let h: oK2l➔oK1l be a homeo­

morphism which induces an isomorphism h*: n 1(oK2l)➔n1(oK1 l) such that 
hi1X2)=ra1 +s{:J1 and hif:J2 )=tlX1 +u{:J1 . Then we obtain a closed orientable 
3-manifold from K 1I and K 21 by identifying their boundaries by h. In this 

paper we call this manifold a sapphire space of type A or type (; ~) and denote 

it by K(A) or K(r, s, t, u). 
In section 1 we will classify the topological types of sapphire spaces. 

THEOREM 1. Let A, A' be two elements of GL(2, Z). Then K(A) is homeo­
morphic to K(A') if and only if A' is equal to one of the following matrices: 

±A± 1 +BA±1 +A±1B or +BA±1B where B= ( 1 0). ' - ' - - ' 0 -1 

In section 2 we will determine the Heegaard genera of sapphire spaces. 

THEOREM 3. Every sapphire space has a Heegaard splitting of genus three. 
Moreover K(r, s, t, u) has a Heegaard splitting of genus two if and only if Isl= 1. 

I would like to express my gratitude to Prof. F. Hosokawa and Prof. 
S. Suzuki and the members of KOOK seminar for their helpful suggestions. 
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1. Classification of sppbire spaces. First we study some properties of the 
twisted /-bundle over a Klein bottle. 

Put F = S1 x I and let f be the self-homeomorphism on F defined by the 
equality f(eiB, t)=(e-iB, 1-t) where S1 is identified with the unit circle of the 
complex plane. Then KI is obtained from F x I by identifying (x, 0) with (f(x), 1) 
for each xEF. Then each element of KI may be represented by [x, u] which is 
the image of(x, u)EFxI. 

Let AI ={[(ei"/ 2

, t), u]lt, u El} U {[(ei 3 "i 2

, t), u]lt, u EI} and Arr={[x, 1/2]1 
xEF}, then AI and Arr are properly embedded annuli in KI. The following 
two lemmas follow from Theorem VI. 34 of [2]. 

LEMMA 1.1. Let A be a properly embedded essential annulus in KI (i.e. 
A is incompressible and not boundary parallel). Then A is ambient isotopic 
to AI or Arr. We say that A is of type I or type II according as A is ambient 
isotopic to AI or Arr. 

LEMMA 1.2. Let T be an incompressible torus in KI then Tis boundary 
parallel. 

REMARK 1.3. An annulus of type I is separating and an annulus of type II 
is non-separating. 

The homeotopy group Jt"(X) of a space X is the group of all self-homeo­
morphisms of X modulo the subgroup consisting of those homeomorphisms which 
are isotopic to the identity. 

LEMMA 1.4. Jlt'(KI) ~Z
2 
+ Z

2 
+ Z

2
, where the three self-homeomorphisms 

of KI generating Jlt'(KI) are T, S and R defined by the following equalities; 
T[(ei 8 , t), u]=[(ei(B+Z1ru), t), u], S[(ei 0, t), u]=[(e-iB, t), u] and R[(eiB, t), u]= 

[(ei 8 , t), 1-u]. Namely Tis a twist along Arr and S is a reflection about A1 

and R is a reflection about Arr· 

PROOF. Let f be a self-homeomorphism of KI. We will prove that f is 
isotopic to some product of T, Sor R. By Lemma 1.1 and Remark 1.3 we may 
assume thatf(Arr)=An. Let c1 , c2 be two components of oArr· By performing 
a suitable ambient isotopy of KI, if necessary, we may assume thatf(ci)=ci (i= 
1, 2). If fl Arr: An---+An is isotopic to the identity, then put g = f, otherwise put 
g=S0f. Then gJArr: Arr---+Arr is isotopic to the identity. Let N be a regular 
neighborhood of Arr in KI, then we may assume that g(N)=N. If glN: N---+N 
is isotopic to the identity, then put h=g, otherwise put h=R0 g. Then hlN: 
N---+N is isotopic to the identity. Finally if hlKI-IntN: KI-IntN---+KI-IntN is 
isotopic to the identity relative to N n o(KI-IntN), then put p=h, otherwise put 
p = Toh. Then p: KI-+ KI is isotopic to the identity. Hence we obtain that 
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;f"(KI) is generated by T, S and R. Furthermore by the definitions of T, S and 
R we can easily check that T 2, S2 and R2 are all isotopic to the identity and 
that any two maps of T, S and R are commutative, no two maps of them are 
isotopic and they are mutually independent over Z2 . This completes the proof. 

COROLLARY 1.5. Let f be a self-homeomorphism of KI then (fl a KI)*: 
ni(aKI)-nr1(0KI) is given by (fjoK/)*(ix)=BIX and (floKI)*(/3)=c5{3 where 
lei= lc51 = 1. 

From now on we consider sapphire spaces. 

PROPOSITION 1.6. Let K(r, s, t, u)=K1I U K 2I be a sapphire space. Then 
K(r, s, t, u) is irreducible and oK 1l =oK2I is a separating incompressible torus 
in K(r, s, t, u) and 

(

al 

n1(K(r, s, t, u)) ~ b1 

a2 

a1b1a1
1

=b"-;
1 

) 

ai=ay'bi . 

a2ar.tbr a2l=b1la12t 

In particular n1(K;I) can be identified with (ai, bilaib1a11 =b11) for each 
i = 1, 2. Hence ai, bi are two oriented simple loops in Ki such that af is homo­
topic to ixi in Ktf and bi is homotopic to {31 in K;I (i = 1, 2). 

PROOF. The first half follows from the irreducibility of KI and the incom­
pressibility of oKI in KI. The latter half is easily calculated by Van Kampen 
Theorem. 

LEMMA 1.7. Let T be a separating incompressible torus in a sapphire 
space M =K1l U K 2I. Then T is ambient isotopic to a torus T' satisfying 
one of the fallowing three conditions. 

(1) T'=oK1I=aK2I 
(2) For i = 1, 2 each component of T' n KiT is an annulus of type I. 
(3) T' n K 1l are two annuli of type I and T' n K 2I are two annuli of type II 

or vice versa. 

PROOF. By the arguments of general position we may assume that each 
component of Tn oK1I is a circle. By the incompressibility of T and oK1I and 
the irreducibility of M we can remove the trivial intersections of T n oK1I. 
Therefore we may assume that Tn K 1I =A1 U A 2 U ••• U An and Tn K 2I =B1 U 
B 2 U • • • U Bn for some non-negative integer n where Ai is an essential annulus in 
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K 1I and B; is an essential annulus in K 2I. Leth: 8K2 I-+8K 1I be an attaching 
homeomorphism and 8A;=af U at, 8B;=bf U b'f be two components of 8A1 

and 8B; respectively. 
If n=O, then by Lemma 1.2 Tis ambient isotopic to 8K1I. Therefore (1) 

holds. 
If n =/a 0, then we have the following three cases. 
Case 1: Both {A;}f=i and {B;}r=1 are of type I. In this case (2) holds. 
Case 2: Either {A1}r=1 or {B1}r=1 is of type I and the other is of type II. 

Without loss of generality we may assume that {AM=i is of type I and {B1}?= 1 

is of type II. By replacing the letters, if necessary, we may assume that h(bl)= 
af (i=1, 2, ... , n). Then we have h(br)=a;+ 1 -; (i=1, 2, ... , n). See Fig. 1.1 
and Fig. 1.2, where Fig. 1.1 is the image of {A;}f=t in the orbit manifold of § 1 

by a projection along § 1 and Fig. 1.2 is the image of {B1}7=1 in the orbit manifold 
of § 2 by a projection along § 2 . 

an exceptional point an exceptional point 
\..,....... t 1 (\ ••••-,· 

( 
• ajal -;< 

) X X 

./ 
a; a;-1' ' ' a} ar~1 

(Fig. 1.1) 

(Fig. 1.2) 

Then A1 U An U B1 U Bn is a separating incompressible torus in M. Hence 
n must be 2 and (3) holds. 

Case 3: Both {A;}r=1 and {BM=t are of type II. We may assume that 
h(bf)=af (i=1, 2, ... , n). Then we have h(br)=ar (i=1, 2, ... , n). Then 
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A1 U B1 is a non-separating torus in M (see Fig. 1.2). This is a contradiction. 

PROOF OF THEOREM 1. 
Let h and h' be two attaching homeomorphisms from oK21 to oK 11 with 

h*=A and h~=A'. 
If A' is equal to one of the matrices in Theorem 1, then it is clear that K(A) 

is homeomorphic to K(A'). 
Conversely assume that K(A) is homeomorphic to K(A') and let f: K(A)--+ 

K(A') be a homeomorphism. Then by Lemma 1.7 we have the following three 
cases. 

Case 1: f(oK 11) is ambient isotopic to oK11 in K(A'). We may assume 
that f(oK 1/)=oK11. Then from Corollary 1.5 it is easily calculated that A' 
is equal to one of the matrices in Theorem 1. 

Case 2: f(oK 11) is ambient isotopic to T' of case (2) in Lemma 1.7. We 
may assume that f(oK 1l)=T'. Then we have h~(oi:2)= ±oi:1 . Similarly by 

observingJ- 1 wehaveh.(oc2)=±oc1 • HencewehaveA= (: ~)and A'=(:'.~,) 

where IBI = ibl = le'I =WI= 1. From Proposition 1.6 H 1 (K(A));;:;: Z41 + Z2 + Z2 

and H 1(K(A'));;:;:Z41,+z2 +z2 , so iti=it'i. Therefore A' is equal to one of 
the matrices in Theorem 1. 

Case 3: f(oK 11) is ambient isotopic to T' of case (3) in Lemma 1.7. We 
may assume thatf(oK 1/)= T'. Then we have h~(1X2 )= ±P1 • Similarly h*(1X 2)= 

±P1• Hence we have A= (~:)and A'=(~,:) where lel=lbl=le'l=Wl=l. 

Further we may assume that e=J=e'=b'=l. In this case both K(A) and K(A') 
are homeomorphic to a Seifert fibered space whose orbit manifold is a projective 
plane with two exceptional points of each index 2. The fundamental group G 
of such a manifold has a presentation as follows: G;;:;:(v1, q1, q2, hlq1hq11 =h, 
q2 hq21 =h, v1 hv11 =h-1, qfh=l, qjh=l, q1q2vf=hh) where b is an integer 
representing an obstruction class (see Ch. 1 and Ch. 5 of [6]). By a little calcu­
lation we have G;;:;:(v

1

, q
1

lv
1

qfv1 1 =q12

, q
1

vfqf<b+l)q11 =q12 <h+ 1 Jv12

). On the 
other hand by Proposition 1.6 n1(K(0, 1, 1, u));;;; (a 1, a2la 1a~a11 = a22, 
a2ata~"a21 = a22 "a12). Hence we see that u-1 corresponds to b. Then by 
Theorem 3 of section 2 of Ch. 5 of [6], we get u-l=u' -1 or u-1 = -(u' -1)-2, 
for the number of the exceptional points is 2. Thus we have lul = iu'I and this 
completes the proof. 

THEOREM 2. K(r, s, t, u) is a torus bundle over S1 if and only if t=O. 

At this time the monodromy map is equal to (-6 -0 · 
PROOF. Let K(r, s, t, u) be a torus bundle over S1. Then H 1(K(r, s, t, u)) 

is an infinite group, so by Proposition 1.6 we have t=O. Conversely assume 
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that t=0 then it is easy to see that a structure of an annulus bundle over S1 on 
K;I (i = 1, 2) extends a structure of a torus bundle over S1 on K(r, s, 0, u). 
Furthermore by Proposition 1.6 n 1(K(r, s, 0, u))~(a

1

, b
1

, a
2

la
1

b
1

a11 =b11

, 

a2 b1a21 =b11, a~=afbt). Let ct=a 2 a11 and /3=b 1 and t=a 1 then n 1(K(r, s, 
0, u))~(oc, /3, tlct/3=/3ct, toct- 1 =ct- 1f3•, tf3r 1 =f3- 1). This shows that the mono-

dromy map is (-6 -n (c.f. Ch. 12 of [1]). 

REMARK 1.8. It follows from the Seifert fibrations of Kl and Theorem VI 
.34 of [2] that K(r, s, t, u) is a Seifert fibered space if and only if at least one of 
r, s, t and u is 0. 

2. Heegaard splittings of sapphire spaces 

LEMMA 2.1. Let M be a sapphire space and K be a Klein bottle in M 
and N(K) be a regular neighborhood of K in M. Then both N(K) and 
Cl(M - N(K)) are homeomorphic to Kl. 

PROOF. Since M is orientable N(K) is homeomorphic to Kl. Let T= 
oN(K) then T is a separating incompressible torus, so Tis ambient isotopic to 
one of the tori of Lemma 1.7. Therefore Cl(M -N(K)) is homeomorphic to Kl. 

LEMMA 2.2. (Theorem 2 of [5]). Let M be a closed orientable 3-manif old 
containing a Klein bottle. Then M has a Heegaard splitting of genus two if 
and only if M belongs to one of C(l), C(2) or C(3) defined as follows; 

C(l): Let k be a two bridge knot (possibly trivial) and M(k) be its exterior 
in S3 (c.f. Ch. 4 of [7]). Let µ 1 , µ2 be two disjoint meridians of k in oM(k) and 
j1 1, ,ii2 be two disjoint simple loops in lntM(k) obtained by pushing µ 1, µ2 into 
lntM(k). Let M 1 be a 3-manifold obtained from M(k) by performing arbitraly 
Dehn surgeries on M(k) along j11 and j1 2 . Then C(l) is the family which consists 
of all 3-manifods obtained from M 1 and KI by identifying oKI with oM 1 by a 
homeomorphism which takes /3 to µ 1 . 

C(2): Let M(k), µ 1 and Pi be as in C(l). Let M 2 be a 3-manifold obtained 
from M(k) by performing an arbitraly Dehn surgery on M(k) along Pi- Then 
C(2) is the family which consists of all 3-manifolds obtained from M 2 and 
Kl by identifying oKI with oM

2 

by a homeomorphism which takes ct to µ
1

. 

C(3): Let L be a lens space (including S2 x S1 and S3) and L(k) be a "one 
bridge knot" exterior in L (see [4] or [5]). Letµ be a meridian of k in oL(k). 
Then C(3) is the family which consists of all 3-manifolds obtained from L(k) and 
Kl by identifying oKI with oL(k) by a homeomorphism which takes oc toµ. 
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PROOF OF THEOREM 3. 

Let K(A)=K1/U K 2l and A=(;~). The first half of Theorem 3 is 

proved by using an argument similar to the proof of Theorem 1 of [8]. Further­
more in the case of Isl= 1, using an argument similar to the proof of Proposition 3 
of [8], we can prove that K(A) has a Heegaard splitting of genus two. 

Conversely suppose that K(A) has a Heegaard splitting of genus two. Then 
K(A) belongs to one of C(1), C(2) or C(3) of Lemma 2.2. 

If K(A) belongs to C(1), then K(A)=M 1 UKI where M1 is a 3-manifold 
obtained from a two bridge knot exterior M(k) by performing Dehn surgeries 
along ji, 1 and ji, 2 with surgery coefficients pJqi for coprime integers (p;, qi) (i = 1, 2) 
( c.f. Ch. 9 of [7]). By Lemma 2.1, M 1 is homeomorphic to Kl, so H 1 (M 1) ~ 

Z+Z2. On the other hand Hi(M1)~Z+Zd where d=g.c.d.(p1 , p2 ). Therefore 
d=2, and so IP;l:?:2 (i=l, 2). Let Tbe a torus in M(k) which bounds a solid 
torus in M(k) and contains ji,1 U fi, 2 as the core of it as in Fig. 2. 

N(k) 

/ 

(Fig. 2) 

Let T' be the image of T after the Dehn surgeries, then T' is a separating 
incompressible torus in M 1 since IP;I:?: 2 (i = 1, 2). By Lemma 1.2 T' is 
boundary parallel, so k is a trivial knot. Hence M 1 admits a Seifert fibration 
whose orbit manifold is a disk with two exceptional points of indices p1 and p2, 
and the meridianµ of k is a fiber. Since M 1 is homeomorphic to Kl, lp1 1 = IP2 1 =2 
and the fibration is ffe'1 . Furthermore the attaching homeomorphism from 
oKI to oM 1 takes /3 toµ, so u =0 and Isl= 1. 

If K(A) belongs to C(2), then K(A)=M2 U KI where M2 is a 3-manifold 
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obtained from a two bridge knot exterior M(k) by performing a Dehn surgery 
along µ

1

• By Lemma 2.1 M 2 is homeomorphic to KI, so H
1

(M
2

)~Z+Z
2

. 

However Hi(M2)~Z. This is a contradiction. Therefore K(A) does not belong 
to C(2). 

If K(A) belongs to C(3), then K(A)=L(k) U KI where L(k) is a one bridge 
knot exterior in a lens space L. By Lemma 2.1 L(k) is homeomorphic to KI, 
so we can regard L(k) as K 1I and KI as K 2I. Since the attaching homeomorphism 
takes oc2 to µ and h* ( oc2 ) = roc1 + s{J 1 , we have µ = roc1 + s{J 1 where µ is a meridian 
of kin L(k). Therefore Lis homeomorphic to the 3-manifold M(lsl, r) defined 
in [3]. Then by Theorem 2.4 of [3] we have Isl= 1. This completes the proof. 
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