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In this paper we study 3-manifolds obtained from two twisted I-bundles over
a Klein bottle by identifying their boundaries.

Let K be a Klein bottle and KI be the (orientable) twisted I-bundle over
K where I is the unit interval [0, 1]. Then KI admits two Seifert fibrations &,
and &, where the orbit manifold of &, is a disk with two exceptional points of
each index 2, and the orbit manifold of &, is a Mébius band without exceptional
points (see Ch. VI of [2]). Let o be an oriented fiber of &, in 0KI and f§ be an
oriented fiber of &, in 6KI. In this paper we often regard oriented simple loops
with a common base point as elements of a fundamental group, therefore
7, (OKI)= (o, Bloaf=Pfer).

Fori=1, 2 let K;, K;I, a; and B; be two copies of K, KI, « and f respectively.
Let A= (: i) be an element of GL(2, Z) and let h: 0K,I-0K,I be a homeo-

morphism which induces an isomorphism h,: 7,(6K,I)—n,(0K,I) such that
he(a)=ro, +sB, and h,(B,)=ta,+uf,. Then we obtain a closed orientable
3-manifold from K,I and K,I by identifying their boundaries by k. In this

paper we call this manifold a sapphire space of type A or type (: ‘;) and denote
it by K(A) or K(r, s, t, u).
In section 1 we will classify the topological types of sapphire spaces.

THEOREM 1. Let A, A’ be two elements of GL(2, Z). Then K(A) is homeo-
morphic to K(A") if and only if A’ is equal to one of the following matrices:

£ A, £BA*, $A*'B or £BA*'B, where B=(g _9).
In section 2 we will determine the Heegaard genera of sapphire spaces.

THEOREM 3. Every sapphire space has a Heegaard splitting of genus three.
Moreover K(r, s, t, u) has a Heegaard splitting of genus two if and only if |s|=1.

I would like to express my gratitude to Prof. F. Hosokawa and Prof.
S. Suzuki and the members of KOOK seminar for their helpful suggestions.
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1. Classification of spphire spaces. First we study some properties of the
twisted I-bundle over a Klein bottle.

Put F=S'xI and let f be the self-homeomorphism on F defined by the
equality f(e'?, f)=(e"%%, 1—1¢) where S! is identified with the unit circle of the
complex plane. Then K1 is obtained from F x I by identifying (x, 0) with (f(x), 1)
for each xe F. Then each element of KI may be represented by [x, u] which is
the image of (x, u)e Fx L.

Let A, ={[(e™2, 1), ullt, uel} U {[(e3*™2, 1), u]lt, uel} and Ap={[x, 1/2]|
xeF}, then A; and A; are properly embedded annuli in KJ. The following
two lemmas follow from Theorem VI. 34 of [2].

LemMa 1.1. Let A be a properly embedded essential annulus in KI (i.e.
A is incompressible and not boundary parallel). Then A is ambient isotopic
to A; or Ay. We say that A is of type 1 or type Il according as A is ambient
isotopic to A; or Ay,

LemMA 1.2. Let T be an incompressible torus in KI then T is boundary
parallel.

REMARK 1.3. An annulus of type I is separating and an annulus of type II
is non-separating.

The homeotopy group ##(X) of a space X is the group of all self-homeo-
morphisms of X modulo the subgroup consisting of those homeomorphisms which
are isotopic to the identity.

LeMMA 1.4. sA(KD)=Z,+Z,+Z,, where the three self-homeomorphisms
of KI generating 3#(KI) are T, S and R defined by the following equalities;
T[(€%, 1), u]l=[(e*>™, 1), u], S[(e’’, H), u]l=[(e™*, 1), u] and R[(e*, 1), u]l=
[(e*®, ©), 1—u]. Namely T is a twist along Ay and S is a reflection about A,
and R is a reflection about Ap.

Proor. Let f be a self-homeomorphism of KI. We will prove that f is
isotopic to some product of 7, S or R. By Lemma 1.1 and Remark 1.3 we may
assume that f(Ap)=Ap. Let ¢y, ¢, be two components of 64;. By performing
a suitable ambient isotopy of KI, if necessary, we may assume that f(c)=c; (i=
1,2). If flAy: Ag—Ay is isotopic to the identity, then put g=f, otherwise put
g=Sef. Then g|A;: Ap—Ay is isotopic to the identity. Let N be a regular
neighborhood of A; in KI, then we may assume that g(N)=N. If g|]N: NN
is isotopic to the identity, then put h=g, otherwise put h=Rog. Then h|N:
N—N is isotopic to the identity. Finally if A|KI-IntN: KI-IntN—KI-IntN is
isotopic to the identity relative to N N &(KI-IntN), then put p=h, otherwise put
p=Toh. Then p: KI-KI is isotopic to the identity. Hence we obtain that
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#(KI) is generated by T, S and R. Furthermore by the definitions of T, S and
R we can easily check that T2, S* and R? are all isotopic to the identity and
that any two maps of 7, S and R are commutative, no two maps of them are
isotopic and they are mutually independent over Z,. This completes the proof.

CoRrOLLARY 1.5. Let f be a self-homeomorphism of KI then (f[0KI)*:
7, (0KD)—»n(0KI) is given by (f|6KD*(a)=ex and (f|OKD*(f)=36f where
lel=|d]=1.

From now on we consider sapphire spaces.

ProposiTION 1.6, Let K(r, s, t, u)=K,I U K,I be a sapphire space. Then
K(r, s, t, u) is irreducible and 0K I1=0K,I is a separating incompressible torus
in K(r, s, t, u) and

Z,+Z,+Z, if siseven
H,(K(r, s, t, u)) =
Zy+Z, if sisodd

a; | abayt=>7!
7.‘:1(1{("5 s, ts u)) = bl a%=a%rbi
a, | aa}'dt a3t =bytar?

In particular =n,(K;I) can be identified with {a;, b;a;b,a7'=>b7') for each
i=1,2. Hence a;, b; are two oriented simple loops in K, such that a? is homo-
topic to a; in K,I and b; is homotopic to B, in K;I (i=1, 2).

Proor. The first half follows from the irreducibility of KI and the incom-

pressibility of dKI in KI. The latter half is easily calculated by Van Kampen
Theorem.

LemmA 1.7. Let T be a separating incompressible torus in a sapphire
space M=K, TUK,I. Then T is ambient isotopic to a torus T’ satisfying
one of the following three conditions.

(1) T'=0K,I=0K,I

(2) Fori=1, 2 each component of T’ n K;T is an annulus of type I.

(3) T’'nK;l aretwo annuli of type I and T' n K,I are two annuli of type I1
or vice versa.

Proor. By the arguments of general position we may assume that each
component of TnoK I is a circle. By the incompressibility of T and éK,I and
the irreducibility of M we can remove the trivial intersections of T ndK,l.
Therefore we may assume that TnK;I=4,UA,U---UA4,and TnK,I=B,U
B, U -+ U B, for some non-negative integer n where A, is an essential annulus in
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K,I and B; is an essential annulus in K,I. Let h: 0K,I-0K,I be an attaching
homeomorphism and 04;=a}l Ua?, 0B;=b}U b} be two components of &4,
and 3B, respectively.

If n=0, then by Lemma 1.2 T is ambient isotopic to dK,I. Therefore (1)
holds.

If n+£0, then we have the following three cases.

Case 1: Both {A;}2; and {B;}.., are of type 1. In this case (2) holds.

Case 2: Either {4,}2, or {B;}r, is of type I and the other is of type Il
Without loss of generality we may assume that {4;}%, is of type I and {B;}!,
is of type II. By replacing the letters, if necessary, we may assume that h(b!)=
al (i=1,2,...,n). Then we have h(b})=a2,,_; (i=1, 2,...,n). See Fig. 1.1
and Fig. 1.2, where Fig. 1.1 is the image of {4;}7, in the orbit manifold of %,
by a projection along &, and Fig. 1.2 is the image of {B;}%., in the orbit manifold
of &, by a projection along &,.

an exceptional point an exceptional point
aydp-y - - aja
e N
x x
A, alaly - -a3al 4
(Fig. 1.1

(Fig. 1.2)

Then A4, U A4,U B, UB, is a separating incompressible torus in M. Hence
n must be 2 and (3) holds.

Case 3: Both {4,}}-;, and {B;}}-; are of type II. We may assume that
h(b)=a} (i=1,2,...,n). Then we have h(b¥)=a? (i=1,2,...,n). Then
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A; U B, is a non-separating torus in M (see Fig. 1.2). This is a contradiction.

ProoF oF THEOREM 1.

Let h and &' be two attaching homeomorphisms from 6K,I to dK,I with
he=Aand hy=A4'".

If A’ is equal to one of the matrices in Theorem 1, then it is clear that K(A)
is homeomorphic to K(A').

Conversely assume that K(A) is homeomorphic to K(4’) and let f: K(A)—
K(A") be a homeomorphism. Then by Lemma 1.7 we have the following three
cases.

Case 1: f(0K,I) is ambient isotopic to 0K,I in K(4"). We may assume
that f(6K,I)=0KI. Then from Corollary 1.5 it is easily calculated that A’
is equal to one of the matrices in Theorem 1.

Case 2: f(0K,I) is ambient isotopic to T’ of case (2) in Lemma 1.7. We

may assume that f(0K;I)=T7'. Then we have hy(x,)=ta,. Similarly by

observing f~1 we have h,(a,)=+«,. Hence we have A= (? g) and A'= G: g,>

where |g|=|d|=]|¢'|=|0'|=1. From Proposition 1.6 H,(K(AN=Z,+Z,+Z,
and H(K(AYW=Z, +Z,+Z,, so |t|=|t'|. Therefore A’ is equal to one of
the matrices in Theorem 1.

Case 3: f(3K,I) is ambient isotopic to T’ of case (3) in Lemma 1.7, We
may assume that f(0K,I)=T"'. Then we have hy(x,)==1 ;. Similarly h(o;)=
+B,. Hence we have A= (g Z) and 4'= (§, j‘) where |¢] =16 =1¢'| = |6'| =1.
Further we may assume that e=8=¢'=06"=1. In this case both K(A4) and K(4")
are homeomorphic to a Seifert fibered space whose orbit manifold is a projective
plane with two exceptional points of each index 2. The fundamental group G
of such a manifold has a presentation as follows: G={v, 4y, 4, hlq,hq7'=h,
q;hqzt=h, vihoyl=h"1, qth=1, q3h=1, q,q,v}=h?) where b is an integer
representing an obstruction class (see Ch. 1 and Ch. 5 of [6]). By a little calcu-
lation we have G=<{v,, q4lv1g307 =q72, q,0}q3¢t Vg7 =g72+Dy72). On the
other hand by Proposition 1.6 =#,(K(0, 1, 1, u)) = {a,, aslaa3a;! = a32,
aaladva;'=a32*a;?). Hence we see that u—1 corresponds to b. Then by
Theorem 3 of section 2 of Ch. 5of [6], wegetu—1=v'—1oru—1=—(u'—-1)-2,
for the number of the exceptional points is 2. Thus we have |u|=|u’| and this
completes the proof.

THeOREM 2. K(r, s, t, u) is a torus bundle over S' if and only if t=0.
At this time the monodromy map is equal to<—(1) _‘;)

Proor. Let K(r, s, t, #) be a torus bundle over S. Then H,(K(r, s, t, u))
is an infinite group, so by Proposition 1.6 we have t=0. Conversely assume
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that =0 then it is easy to see that a structure of an annulus bundle over St on
K,I (i=1, 2) extends a structure of a torus bundle over S! on K(r, s, 0, u).
Furthermore by Proposition 1.6 =#,(K(r, s, 0, u))=<a,, by, asla;bja7'=b7t,
abaz'=>bi', ai=a’bj>. Let a=a,a7! and f=>b  and f=a, then =,(K(r, s,
0, ) =<, B, tiaf=Pu, tat~t=a=1p5, tft~*=F"1>. This shows that the mono-
dromy map is(_(l) _SI)(c.f. Ch. 12 of [1]).

ReMArk 1.8. It follows from the Seifert fibrations of KI and Theorem VI
.34 of [2] that K(r, s, t, u) is a Seifert fibered space if and only if at least one of
r,s, tand u is 0.

2. Heegaard splittings of sapphire spaces

LemMMA 2.1. Let M be a sapphire space and K be a Klein bottle in M
and N(K) be a regular neighborhood of K in M. Then both N(K) and
CI(M — N(K)) are homeomorphic to KI.

Proor. Since M is orientable N(K) is homeomorphic to KI. Let T=
ON(K) then T is a separating incompressible torus, so T is ambient isotopic to
one of the tori of Lemma 1.7. Therefore CI(M — N(K)) is homeomorphic to KI.

LEMMA 2.2. (Theorem 2 of [5]). Let M be a closed orientable 3-manifold
containing a Klein bottle. Then M has a Heegaard splitting of genus two if
and only if M belongs to one of C(1), C(2) or C(3) defined as follows;

C(1): Let k be a two bridge knot (possibly trivial) and M(k) be its exterior
in 83 (c.f. Ch. 4 of [7]). Let puy, 1, be two disjoint meridians of k in dM(k) and
fii, [, be two disjoint simple loops in IntM(k) obtained by pushing p,, pt, into
IntM(k). Let M, be a 3-manifold obtained from M(k) by performing arbitraly
Dehn surgeries on M(k) along ji, and fi,. Then C(1) is the family which consists
of all 3-manifods obtained from M, and KI by identifying 0KI with M, by a
homeomorphism which takes f§ to u,.

C(2): Let M(k), pty and [i, be as in C(1). Let M, be a 3-manifold obtained
from M(k) by performing an arbitraly Dehn surgery on M(k) along fi,. Then
C(2) is the family which consists of all 3-manifolds obtained from M, and
KI by identifying 0KI with M, by a homeomorphism which takes o to u,.

C(3): Let L be a lens space (including S x S' and S3) and L(k) be a “one
bridge knot” exterior in L (see [4] or [5]). Let p be a meridian of k in dL(k).
Then C(3) is the family which consists of all 3-manifolds obtained from L(k) and
KI by identifying 0KI with 0L(k) by a homeomorphism which takes o to p.
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PRrROOF OF THEOREM 3.

Let K(A)=K,ITUK,I and A= (;' ‘;) The first half of Theorem 3 is
proved by using an argument similar to the proof of Theorem 1 of [8]. Further-
more in the case of |s| =1, using an argument similar to the proof of Proposition 3
of [8], we can prove that K(A) has a Heegaard splitting of genus two.

Conversely suppose that K(A4) has a Heegaard splitting of genus two. Then
K(A) belongs to one of C(1), C(2) or C(3) of Lemma 2.2.

If K(A4) belongs to C(1), then K(A)=M, U KI where M, is a 3-manifold
obtained from a two bridge knot exterior M(k) by performing Dehn surgeries
along ji, and ji, with surgery coefficients p;/q; for coprime integers (p;, g;) (i=1, 2)
(cf. Ch. 9 of [7]). By Lemma 2.1, M, is homeomorphic to KI, so H,(M,)x
Z+Z,. On the other hand H,(M,)=Z +Z, where d=g.c.d.(p,, p;). Therefore
d=2, and so |p;|=2 (i=1, 2). Let T be a torus in M(k) which bounds a solid
torus in M(k) and contains ji; U ji, as the core of it as in Fig. 2.

N(k)

(Fig. 2)

Let T’ be the image of T after the Dehn surgeries, then T’ is a separating
incompressible torus in M,; since |p;|>2 (i=1,2). By Lemma 12 T’ is
boundary parallel, so k is a trivial knot. Hence M, admits a Seifert fibration
whose orbit manifold is a disk with two exceptional points of indices p, and p,,
and the meridian p of kis a fiber. Since M, is homeomorphic to K1, |p,|=|p.| =2
and the fibration is &#,. Furthermore the attaching homeomorphism from
O0KI to 0M | takes B to u, so u=0 and [s]=1.

If K(A) belongs to C(2), then K(A)=M, U KI where M, is a 3-manifold
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obtained from a two bridge knot exterior M(k) by performing a Dehn surgery
along ji;. By Lemma 2.1 M, is homeomorphic to KI, so H,(M,)~Z+2Z,.
However H,(M,)=Z. This is a contradiction. Therefore K(A4) does not belong
to C(2).

If K(A) belongs to C(3), then K(A)=L(k)U KI where L(k) is a one bridge
knot exterior in a lens space L. By Lemma 2.1 L(k) is homeomorphic to KI,
so we can regard L(k) as K,I and KI as K,I. Since the attaching homeomorphism
takes o, to p and A.(x,)=ro, +sp,, we have p=ra,+sf, where u is a meridian
of k in L(k). Therefore L is homeomorphic to the 3-manifold M(|s|, r) defined
in [3]. Then by Theorem 2.4 of [3] we have {sj=1. This completes the proof.
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