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NON-TYPE I LOCALLY COMPACT GROUPS

By Shunsuke FUNAKOSHI

Dedicated to Professor Osamu TAKENOUCHI on his 60-th birthday
(Received March 19, 1985)

In this paper, we shall construct type II and type III factor representations of
non-type I groups by direct integral of irreducible representations.

Let G be a separable locally compact group. Let E be a locally compact
space on which G acts on the right such that

(1) (X)g192 = (xg1)9.

(2) xe = x, where e is the identity of G,

(3) (x, g)—xg is a continuous mapping from Ex G to E.

When we shall call (G, E) is a topological transformation group.

For a positive Radon measure p on E, let u, be the measure on E defined
by u,(F)=u(Fg) for each measurable subset F of E.

Let x4 be a positive Radon measure on E which is quasi-invariant under
the action of G, i.e., y, and p are absolutely continuous. The triple (G, E, p) is
called a dynamical system.

Let L=Lg.; be the set of all continuous complex valued functions on Ex G
with compact support.

A non-negative continuous function p(x, a) on Ex G is called a multiplier
if it satisfies

p(x, ab) = p(xa, b)p(x, a)
for each xeE, a, begG.
Suppose that there exists a positive continuous function y(x, a) on ExG
such that du(xa)=y(x, a)du(x). Then y(x, a) is a multiplier.
For f, g € L, define

() = {{ 16x, s, Dpr@ir@dut),

where y(a) is a non-negative continuous function on G such that y(ab)=y(a)x(b)
and v is a Haar measure on G.

Then L is a pre-Hilbert space. Let s be the Hilbert space which is the
completion of L.
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Let ¥ be a complex valued, measurable and essentially bounded function on
(E, ). For each fe s, define

Ll[/f(xa d) = l#(xa)f(')@ a)
(resp. Ly, f(x, @) = Yy(x)f(x, a)).

Then L, (resp. Ly) is a bounded operator on .
Next, we shall define a unitary operator U, (resp. U)), for each d € G, on 5# by

Uuf(x, a) = Ad)"(d)"*f(x, d"'a)
(resp. Uy f(x, a) = y(x, d)/*y(d)"'*f(xd, ad)),
where A is the modular function of G.

Let # (resp. #') be a W*-subalgebra of B(s#°) generated by {L, |y € L*(E, u)}
and {U,|d e G} (resp. {L, |y € L°(E, p)} and {U,|d e G}).

ReMARK (cf. [3], [4], [7]). & (and #')is isomorphic to &, (i=1, 2, 3, 4, 5):

2, ; the W*-algebra on L¥(G)®L*S) generated gy {L(g)®@W(g)|g € G} and
{I®P(¢)|¢ € L°(E)}, where L(g) is the left regular representation of G,

(W(@) N )(x)=2,(x)'2f(sg), A x) is the Radon-Nikodym derivative du,/dp,
and (P(9)f)(x)=(x)f(x).

Z,; the W#-algebra on L*(Gx E) generated by {V(g)lge G} and {P(¢)]

¢eL™(E)}, where (V(g)f)t, x)=2A[x)"?f(tg,xg) and (P($)f)(t, x)=
¢(x)f(t, x).
Ry ; the W*-algebra on L%(G x E) generated by the system of imprimitivity
(W, P) given by (W(g)f)t, x)=4(g)"*f(t9, %), geG, and (PN, x)=
d(x0)f(1, x), ¢ € L(E).

A, ; the crossed product G x , L*(E) of L*(E) by G, «, is the action of G
on E.

Zs; the W*-algebra on L%(G x E) generated by {L*(¢)|¢ € W(G, E)}, where
A(G, E) is the transformation group C*-algebra of (G, E) and L* is
the representation of U(G, E) determined by the positive-definite
measure §, x dy on Gx E,

DermitioN 1. (1) A dynamical system (G, E, w) is called free if for any
aeG (a##e), the set of points x satisfying the condition x=xa (x€E) is of u-
measure 0.

(2) A dynamical system (G, E, p) is called ergodic if Fg=F for a measurable
set F and for every g € G implies either p(F)=0 or y(E~F)=0.

LEmMMA 1 ([1]). Let (G, E, p) be free, & (and F') is a factor if and only if
(G, E, p) is ergodic.
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DeriniTioN 2. A dynamical system (G, E, y) is called measurable if there
exists a o-finite positive measure v which is equivalent to g and dv(xa)= A(a)dv(x),
that is, v is invariant under G.

Lemma 2 ([1]). If (G, E, ) is free, ergodic and measurable, then F(and
F'yisatypelor type ll factor. In particular, if G is not a discrete group, then
F (and F') is a type 1, or type 11, factor.

Lemma 3 ([1]). If (G, E, p) is free, ergodic and non-measurable, then
Fland F') is a type 111 factor.

A topological transformation group (G, E) is polonais if G and E are polonais,
i.e., they are separable and metrizable by a complete metric. (G, E) satisfies the
condition (*) if each neighborhood U of e in G contains a neighborhood W of e
such that for all x in E, Ci[xW]<xU. CIl[xW] indicates the closure of xW.
If G is locally compact and E is Hausdorff, (G, E) satisfies the condition (*), as
one may take W to be any compact neighborhood of ¢ with W= U.

A Borel measure u on E is non-trivially ergodic if it is not concentrated at
an orbit.

LemMa 4 ([2]). Let (G, E) be a polonais transformation group satisfying the
condition (*). Then the orbit space E/G is a Ty-space if and only if E has no
non-trivially ergodic measure.

For a separable locally compact group G, let G'* be the standard Borel space
of all irreducible representations of G ([10]).

LemMma 5. Let (I, @) be a polonais transformation group satisfying the
condition (¥), p an ergodic Borel measure in Q, and w—II® a Borel function from
Q to Gr. If for any we &, II® is equivalent to II"® for all yel, then the

direct integral K= S I1°di(w) is a factor representation. Moreover, y is non-
0

trivially ergodic if and only if K is non-type 1.

ProoF. Suppose K is not a factor representation. Then, there exists a
projection E#£0, I in K(G)' n K(G)", where K(G) is the algebra generated by the
representation {K(g)|g € G} and K(G) is the commutant of K(G).

Since I1*, weQ, are irreducible, the Boolean algebra of projections as-
sociated with the direct integral is maximal in K(G)', and must contain E. Let B
be a Borel set with 05 u(B)#u(Q) and E= |y (w)ldu(w), where yz(w) is the
characteristic function of B. K is proper because each I1¢ is irreducible. By
the double commutation theorem, the unit ball of K(G) is strongly dense in the
unit ball of K(G)". The later being metrizable in the strong topology, there is a
sequence {g,} =G with K(g,)—E strongly ie., |II°(g,)dp(w)~ | xa(w)du(w).
There is a subsequence {g, } and a null set N of Q such that I1® (g, )— xg(w)]
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strongly for ail we 2~N. Changing notation, we assume that II°(g,)— yg(@w)
strongly for all we Q~N.

Let A=I(B~N). As B~N is Borel, 4 is analytic (it is the image of I'x
(B~N) under a continuous map), and hence measurable. A is invariant, and
we claim that u(A)=u(B). As u(N)=0 and B~Nc A, it suffices to show A~
N<B. For any we A~N, there are yeI' and f € B~N such that o=y(f), ie.,
Ho=11"®, Then I1%(g,)— ys(w)] implies [1?" ") g )= yx(w)]. But I177')(g,)
=1IT%(g,)— ys(F) =1, hence yg(w)=1I and we B. Thus yu is not ergodic. There-
fore, K is a factor representation.

If K is a factor representation of type I, then p-almost all the representations
IT® are unitray equivalent, i.e., p is trivially ergodic under I ([8]). Therefore
if ¢ is non-trivially ergodic, then K is a non-type I factor representation.

Conversely, if u is trivially ergodic under I, the representation I1®, we Q,
are p-almost all unitary equivalent and K is a factor representation of type I ([9]).
Therefore, if K is a non-type I factor representation, then u is a trivially ergodic
measure under I.

By Lemma 4 and Lemma 5, we have

ProposiTiON 1. Let (I', Q) be a polonais transformation group satisfying
the condition (*), u an ergodic Borel measure on Q, and w—>I1* a Borel function
from Q to G. Moreover, assume that for any weQ, II° is equivalent to
I for all yer.

Here, the orbit space QI is a not Ty-space (; non- analytic as Borel space)

if and only if there exists a measure y such that K=SQ I1*du(w) is a non- type 1

factor representation of G.

ProPOSITION 2. Let (G, E) be an effective (; the identity element e is the
only element satisfying xe=x for all x€E) transformation group and let G
be abelian.

If the orbits space E[G is a not Ty-space, then there exists a measure p(resp. i') on
an orbit closure X such that (G, X, p) (resp. (G, X, 1)) is a free, ergodic and
measurable (resp. non-measurable) dynamical system.

Proor. Previously, we have constructed such a measure y (resp. ') in [5].
Here, we shall only give an outline of the construction.

For the topological transformation group (G, X), we can inductively define,
for each integer n=0 and element g(n) in G and for each n-tuple (iy,..., i,) with
i,=0 or 1, an open set P(ii,..., i,) in X satisfying the following properties: (x is
a fixed element of X)

(D x€ PO,),
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), f(igyeees i) # (Jrseres Ju)» then WP(iy,..., i) 0 P(jys..., j,) =8, where W is
a neighborhood of ¢ in G such that W=W~1, and if {Q,,} is a decreasing
basis of open sets at an arbitrary point y in X, ClI{Ng-, WQ,]1= Gy,

(3), CIP@y,-..,i)] S P(iy,eers iy_1) (nz1),
(4), diameter P(iy,..., i,) < 1/n (nz1),
(S)n g(k)P(Ok’ ik+15-": ln) = P(Ok—l’ 1: ik+1’--" ln) (ng 1),

where 0, is the family of n zeros.

Let M, (n=1, 2,...) be copies of the group Z/2Z, the additive group of
integers mod 2. Let §, be a Radon measure on M, with §,{(0)} =p and g{(1)} =¢
with 0<p<land g=1—p. Then (M, 8,) (n=1, 2,...) is a measure space. Let
(M, p) be the infinite product measure space of (M,, §,).

For each i={i,, iy,..., iy,...} € M, the set N\, P(i,..., i,) has precisely one
element, say @(i). O is a one-to-one mapping of M into X.

Let M(iy,..., i,)={i;} x> x{i,} x{0, 1} x ---, where i,,..., i,€{0, 1}. Then

@(M(ila"'s ln)) = @(M) n P(ila---s ln)

Hence @ is a homeomorphism. Therefore we may identify M with @(M).
Define a measure A on X by the formulas

A(M(il,'-" l,,)) =pq"r
and
MX~M) =0,

where r is the number of 0’s in (iy,..., i,)-

Let v be a finite measure on G, equivalent to a right Haar measure. We
shall define the convolution product measure v+4 of v and 4 as follows: If Bis a
Borel subset of X, let

vxA(B) = SG A(hB)dv(h).

Denote this convolution product measure v=A by u (resp. p') if p=g=1/2
(resp. p#g#1/2). Then (G, X, p) (resp. (G, X, u')) is a free, ergodic and measur-
able (resp. non-meaurable) dynamical system.

By Proposition 1 and Proposotion 2, we have the following theorem.

THEOREM 1. Let G be a separable locally compact group and G the stand-
ard Borel space of all irreducible representations of G. Assume that
(1) T is an abelian group,
(2) (I, Q) is a polonais effective transformation group satisfying the
condition (*) and every orbits are dense in Q,
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(3) w—1I® is a Borel function from Q to G¥,

(@) for any weQ, I1° is equivalent to II"*) for all ye I,

(5) the orbit space Q[I' is a not Ty-space.

Then there exists an ergodic measure u (resp. y') on Q such that K=

S Hedu(w) (resp. K'= Sa HI°dy'(w)) is a type 11, (resp. type III) factor repre-
2

sentation of G.

Now, let us look at for semi-direct product groups.

Let G be a semi-direct product group H x N of a commutative closed sub-
group H and a commutative closed normal subgroup N. H acts on N as an
automorphism group, we denote by «,, h e H, the automorphisms.

Notice that for each h, «, defines an automorphism in the dual space N of N.
In fact, for each ye N and each he H we may consider the function n—sy(a,(n))
and verify that it too is a character and denote by the symbol [yJeF. If we write
xh instead of [x]af we deduce easily that N becomes an H-space. For each fixed
xin N the group H, of all he H with yh=y is called the stability group of yx.

Here, the following lemma is well pnown.

LemMa 6 ([117). For each ye N choose an irreducible representation L of
H, and consider the subgroup H,x N consisting of all (h, n)e Hx N with
heH,. Let (xL)h, ny=y(n)L,. Then yL is an irreducible representation of

H, x N and the induced representation Url= 1Ind (yL) is an irreducible
(HyXsN)1G
representation of G.
In this lemma, suppose that H,={e}, e is the identity, for all xe N, then

Uzt =Ur=Ind y; for f(x) e L2(H, p)
N1G

Ubmf(x) = glep-1(n))f(hx),  (h, n)€G.

Let X be the closure of O(x) in N, where O(y) is the orbit of y, i.e., O(y)=
{xhlh € H}, then X is a standard space as Borel space.
In these terms, by theorem 1, we obtain the following theorem.

THEOREM 2. Let G=H x N be the semi-direct product group with the
following properties;
(1) (H, X) is a polonais effective transformation group satisfying the
condition (¥)
(2Q) x—U%is a Borel function from X to G*
(3) for any xe X, U* is equivalent to U** for all he H
(4) the orbit space X[H is a not Ty-space,

then there exists a ergodic measure v (resp.v') on X such that IT* = SX Uxdv(y)
(resp. H“'=§X Uzdv'(y)) is a type 11, (resp. type 1I1) factor representation of G,
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ReMARK 1. By the way of construction, we obtain at once the following;
{I"(g)lg e G}" = 2(H, X, v),
{II"(plge G} = 2(H, X, V).

REMARK 2 (A RELATION OF U* AND REGULAR REPRESENTATION T).

Let T be the regular representation of G=H x N. That is, for f(h, n)e
L2(H x N, du x dv), p (resp. v) is a Haar measure on H (resp. N), (t, £)e Hx N

[T(z, )f1(h, n) = f(zh, ay(O)n).

We carry out the Fourier transform of f(h, n)e LH x ;N) in the variable
neN;

Fn, 2y = 10, mpdadstn), (b e H x

Under the action of the Fourier transform, T goes into the representation T'
defined by the equality

[P, OF1(hs 1) = 7A@V Thy 2)ererren(®)
Indeed,
[, OF1(h, 2 = (eh, an(@myztarav(en)
= [ fGah, i @Rdv), where i = ayOn

- g f(ah, nyx(mya,-(&)dv(n)

= X@i@) | ek, mmv(m

= 3o @)f(zh, x)-
On the other hnad,
x4 (zh, ) = U¥, o f (h, 1)

Therefore, formula (*) shows that T is the direct integral of representation
Ur=Ind y, ye N, acting in L?(H, ). That is, T=Sn Uzxdv(y).
x1G

Now the above results are shown that T X=S U*dv(y) is a factor represen-
X
tation of G.
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REMARK 3. In the theorem, we have constructed the two different type
representations

= v, H = o)
and
@ = vravp, B = HG@av )

by the direct integrals of a family of irreducible representations (U%, H(y)),x-

The difference of IT* and II*' can be consider with respect to the notions of
“rigged Hilbert space’’ as follows: Where we assume that G=H x (N is metrizable
and o-compact. For representations in rigged Hilbert spaces and their related
notions, see ([6]).

In general, for a given unitary representation of a metrizable and o-compact
locally compact group in a Hilbzrt space, we can construct a representation of
the group in a rigged Hilbert space.

By the way of the construction of the representation in a rigged Hilbert space,
we have that the nuclear spaces corresponding to the two representations (II¥, H)
and (ITV', H*') are same space, denote it by ¢. That is, we obtain the rigged
Hilbert space @< HY= @' (resp. < HY = @') corresponding to (I1¥, H*) (resp.
(I, H”)).

When, the difference of IT* and 1" can be seen the difference of the repre-
sentation spaces H* and H*" as the subspaces of ¢'.

EXAMPLE (MAUTNER GROUP). Let R denote the additive group of real
numbers and C? the product of two copies of the field of complex numbers.
If (z,, z,) denotes an element of C2, we will define the action of 1€ R on C? by

(21, 23) = (€724, €17'2;),

where y is an irrational number.
Let M denote the semi-direct product R x ;C?, where R acts on C? as above.
M is called the Mautner group. For {=(t; z4, z,), {'=(t'; 21, z5) e Rx ,C?,
{of' = (t+1'; zy + €'z, z,+ei7'zy).

Mautner group is a semi-direct product group with the properties of the
Theorem 2.



Non-type I locally compact groups

General case;
G=Hx N

Maut;i—é;éi"c;up;
M =R x,C?

the action o« of H on N

X is the closure of the orbit
O(y) through a point ye N

transformation group (H, X)

xeN, H, is the stability
group of x

Ut =1Indy, yeN,ie.,
NtG

feL(% ),
Ul f () = 1)) /()

(h,n)eG=H x N
yeX » UxreGir

xeX, UrxUxh for all he H

the orbit space X/H
n = S Uzdv(y)
X

alzy, z,) = (e''z,, €'¥'z;)
(24, 2,)e C% teR

the closure of the orbit {u(z,, z,)|te R}
through a point (z,, z,) € C? is the two-
dimentional tourus T2 if (z, z,)#(0, 0)

(R, T?) is a polonais effective trans-
formation group satisfying the condi-
tion(*)
(z1, z,)e T, if
alzy, 23) = (e''zy, €'7'z;)

= (zy, z,),
then t=0, i.e., the stability group of
(24, z5) is {0}

f(OeLXR, p
Uit e ©) =
exp {—iRe (e isaz, +e 'rshz,)}
x f(t+s),

(S; Zy ZZ)E R Xs CZ
(a, b)e T2, U= is irreducible,
(a, b)e T?- UG eGP s a
function

(a, b)e T2, U @b for all
te R because that the intertwining
operator for Ut® and U«@:» can
be only the operator of translation by
t foreach te R

Borel

the orbit space T2/R is not a Ty-space
m = S U@Ddw(a, b),
T2

f(t; a, b)e LA(R x T2, uxv),
H{s;z;,z;)f(t; a, b) =
exp {—iRe(e *az, + e i7hz,)}
x f(t+s; a, b),
(s; 2z, 2)eR %, C?
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