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In this paper, we shall construct type JI and type III factor representations of 
non-type I groups by direct integral of irreducible representations. 

Let G be a separable locally compact group. Let E be a locally compact 
space on which G acts on the right such that 

(1) (x)g 1g2 = (xg1)g2, 
(2) xe = x, where e is the identity of G, 
(3) (x, g)-+xg is a continuous mapping from Ex G to E. 
When we shall call (G, E) is a topological transformation group. 
For a positive Radon measure µ on E, let µg be the measure on E defined 

by µg(F)=µ(Fg) for each measurable subset F of E. 
Let µ be a positive Radon measure on E which is quasi-invariant under 

the action of G, i.e., µ0 and µ are absolutely continuous. The triple (G, E, µ) is 
called a dynamical system. 

Let L=LExG be the set of all continuous complex valued functions on Ex G 
with compact support. 

A non-negative continuous function p(x, a) on Ex G is called a multiplier 
if it satisfies 

p(x, ab) = p(xa, b)p(x, a) 

for each xeE, a, beG. 
Suppose that there exists a positive continuous function y(x, a) on Ex G 

such that dµ(xa)=y(x, a)dµ(x). Then y(x, a) is a multiplier. 
For f, g EL, define 

(f, g) = ))f(x, a)g(x, a)x(a)dv(a)dµ(x), 

where x(a) is a non-negative continuous function on G such that x(ab)=x(a)x(b) 
and vis a Haar measure on G. 

Then L is a pre-Hilbert space. Let .Yt' be the Hilbert space which is the 
completion of L. 
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Let ijJ be a complex valued, measurable and essentially bounded function on 
(E, µ). For eachfeJt", define 

L,f,f(x, a)= ijl(xa)f(x, a) 

(resp. L~f(x, a) = ijl(x)f(x, a)). 

Then LI{! (resp. L~) is a bounded operator on£'. 
Next, we shall define a unitary operator Ud (resp. U~), for each de G, on£' by 

Udf(x, a) = A(d)-1f2x(d)-1f2f(x, d-la) 

(resp. U',d(x, a) = y(x, d) 112x(d)- 1f2j(xd, ad)), 

where ,1 is the modular function of G. 

Let !F (resp. !F') be a W*-subalgebra of B(Jt") generated by {L,f,li/J e L 00(E, µ)} 
and {U4ldeG} (resp. {L~li/JeL00(E, µ)} and {U~ldeG}). 

REMARK(cf. [3], [4], [7]). !F(and !F')is isomorphic to ~i (i=1, 2, 3, 4, 5): 
~ 1 ; the W*-algebra on L2(G)©L2(S) generated gy {L(g)© W(g)lg e G} and 

{J©P(<f,)14> e L 00(£)}, where L(g) is the left regular representation of G, 
(W(g)f)(x)=Ag(x) 1l 2 f(sg), ).g(x) is the Radon-Nikodym derivative dµ9/dµ, 

and (P(ef>)f)(x)=ef>(x)f(x). 
~ 2 ; the W*-algebra on L2(GxE) generated by {V(g)lgeG} and {P(ef>)I 

ef> e L 00(£)}, where (V(g)f)(t, x) = ).g(x)1f2f(tg, xg) and (P(<j,)f)(t, x)= 
<j,(x)f(t, x). 

~ 3 ; the W*-algebra on L2(G x E) generated by the system of imprimitivity 
(W, P) given by (W(g)f)(t, x)=A(g)1l 2f(tg, x), g e G, and (P(<j,)f)(t, x)= 

<j,(xt)f(t, x), q> EL 00(E). 
8t'4 ; the crossed product G x ,,

9
L "'(E) of L 00(E) by G, rx

9 
is the action of G 

on E. 
~ 5 ; the W*-algebra on L2(GxE) generated by {Lµ(<f,)lef>em{G, E)}, where 

m:(G, E) is the transformation group C*-algebra of (G, E) and Lµ is 
the representation of m:(G, E) determined by the positive-definite 
measure Jex dµ on G x E. 

DEFINITION 1. (1) A dynamical system (G, E, µ) is called free if for any 
aeG (a=;i,e), the set of points x satisfying the condition x=xa (xeE) is ofµ­
measure 0. 

(2) A dynamical system (G, E, µ) is called ergodic if Fg =F for a measurable 
set F and for every g e G implies either µ(F)=O or µ(E--....F)=O. 

LEMMA 1 ([1]). Let (G, E, µ) be free, !F (and !F') is a factor if and only if 
(G, E, µ) is ergodic. 



Non-type I locally compact groups 77 

DEFINITION 2. A dynamical system (G, E, µ) is called measurable if there 
exists au-finite positive measure v which is equivalent toµ and dv(xa)=Ll(a)dv(x), 
that is, v is invariant under G. 

LEMMA 2 ([1]). If (G, E, µ) is free, ergodic and measurable, then ffe(and 
ffe') is a type I or type Ilfactor. In particular, if G is not a discrete group, then 
ffe (and ffe') is a type 100 or type Il 00 factor. 

LEMMA 3 ([1]). If (G, E, µ) is free, ergodic and non-measurable, then 
ffe(and ffe') is a type III factor. 

A topological transformation group (G, E) is polonais if G and E are polonais, 
i.e., they are separable and metrizable by a complete metric. (G, E) satisfies the 
condition (*) if each neighborhood U of e in G contains a neighborhood W of e 
such that for all x in E, Cl[xW]sxU. Cl[xW] indicates the closure of xW. 
If G is locally compact and E is Hausdorff, (G, E) satisfies the condition (*), as 
one may take Wto be any compact neighborhood of e with Ws U. 

A Borel measure µ on E is non-trivially ergodic if it is not concentrated at 
an orbit. 

LEMMA 4 ([2]). Let (G, E) be a polonais transformation group satisfying the 
condition (*). Then the orbit space E/G is a T0-space if and only if E has no 
non-trivially ergodic measure. 

For a separable locally compact group G, let Gir be the standard Borel space 
of all irreducible representations of G ([10]). 

LEMMA 5. Let (I', Q) be a polonais transformation group satisfying the 
condition(*),µ an ergodic Borel measure in Q, and w--+flw a Borel function from 
Q to Gir. If for any w E Q, ll°' is equivalent to nr<w> for all y EI', then the 

direct integral K = )n nwdµ(w) is a factor representation. Moreover,µ is non­

trivially ergodic if and only if K is non-type I. 

PROOF. Suppose K is not a factor representation. Then, there exists a 
projection E#O, I in K(G)' n K(G)", where K(G) is the algebra generated by the 
representation {K(g)lg E G} and K(G)' is the commutant of K(G). 

Since nro, w E Q, are irreducible, the Boolean algebra of projections as­
sociated with the direct integral is maximal in K(G)', and must contain E. Let B 

be a Borel set with O#µ(B)#µ(Q) and E= J xiw)Idµ(w), where xa(w) is the 
characteristic function of B. K is proper because each nw is irreducible. By 
the double commutation theorem, the unit ball of K(G) is strongly dense in the 
unit ball of K(G)". The later being metrizable in the strong topology, there is a 
sequence {gn}cG with K(gn)--+E strongly i.e., J fl<"(gn)dµ(w)--+ J xa(w)Idµ(w). 
There is a subsequence {gnJ and a null set N of Q such that ll00 (g".)--+xa(w)I 
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strongly for all OJ E Q----..N. Changing notation, we assume that Il"' (gn)➔Xa(OJ)l 

strongly for all OJeQ----..N. 
Let A=I'(B----..N). As B----..N is Borel, A is analytic (it is the image of I'x 

(B----..N) under a continuous map), and hence measurable. A is invariant, and 
we claim that µ(A)=µ(B). As µ(N)=O and B----..Ns;A, it suffices to show A----.. 
NsB. For any OJEA----..N, there are ye I' and f3eB----..N such that a=y(/3), i.e., 
II"'=ll 1 <P). Then Il'-"(gn)➔xa(OJ)l implies IJr-•(wl(gn)➔xa(OJ)/. But II 1 -'(w)(gn) 
=Ilfl(g")➔xi/3)1 =I, hence XiOJ)=I and OJ EB. Thusµ is not ergodic. There­
fore, K is a factor representation. 

If K is a factor representation of type I, then µ-almost all the representations 
II"' are unitray equivalent, i.e., µ is trivially ergodic under I' ([8]). Therefore 
ifµ is non-trivially ergodic, then K is a non-type I factor representation. 

Conversely, ifµ is trivially ergodic under I', the representation II'-", w E Q, 

are µ-almost all unitary equivalent and K is a factor representation of type I ([9]). 
Therefore, if K is a non-type I factor representation, then µ is a trivially ergodic 
measure under I'. 

By Lemma 4 and Lemma 5, we have 

PROPOSITION 1. Let (I', Q) be a polonais transformation group satisfying 
the condition (*), µ an ergodic Borel measure on Q, and W-> II'-" a Borel function 
from Q to Gi•. Moreover, assume that for any OJ e Q, II'-" is equivalent to 
IJY(W) for all y Er. 

Here, the orbit space QJI' is a not T0-space (; non- analytic as Borel space) 

if and only if there exists a measureµ such that K = L II'-"dµ(w) is a non- type I 

factor representation of G. 

PROPOSITION 2. Let (G, E) be an effective (; the identity element e is the 
only element satisfying xe=x for all xeE) transformation group and let G 
be abelian. 
If the orbits space EJG is a not T0-space, then there exists a measure µ(resp.µ') on 
an orbit closure X such that (G, X, µ) (resp. (G, X, µ')) is a free, ergodic and 
measurable (resp. non-measurable) dynamical system. 

PROOF. Previously, we have constructed such a measure µ (resp.µ') in [5]. 
Here, we shall only give an outline of the construction. 

For the topological transformation group (G, X), we can inductively define, 
for each integer n~O and element g(n) in G and for each n-tuple (i1, ... , in) with 
ik=O or 1, an open set P(i1, ... , in) in X satisfying the following properties: (xis 
a fixed element of X) 
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(2)n if(i1, ... , in)# (j1, ... ,jn), then WP(i1,·•·, in) n P(j1, ... , Jn)=fii, where Wis 
a neighborhood of e in G such that W= w- 1, and if {Qm} is a decreasing 
basis of open sets at an arbitrary pointy in X, Cl[n;:;'= 1 WQm]~Gy, 

(3)n Cl[P(i1,···, in)J ~ P(i1,·· ., in-1) (n ~ 1), 

(4)n diameter P(i1, ... , in)< 1/n (n~ 1), 

where On is the family of n zeros. 
Let Mn (n= 1, 2, ... ) be copies of the group Z/2Z, the additive group of 

integers mod 2. Let Pn be a Radon measure on Mn with Pn{(O)} = p and /3{(1)} = q 

with O<p<l and q=1-p. Then (Mn, Pn) (n=l, 2, ... ) is a measure space. Let 
(M, /3) be the infinite product measure space of (Mn, Pn). 

For each i= {i1 , i2 , ... , in,••-} EM, the set n;=1 P(i 1 , ••• , in) has precisely one 
element, say @(i). e is a one-to-one mapping of Minto X. 

Let M(i1, ... , in)={ii} x ••• x {in} x {O, 1} x ···, where i1, ... , i"E {O, 1}. Then 

Hence e is a homeomorphism. Therefore we may identify M with @(M). 
Define a measure ). on X by the formulas 

and 

).(X----..M) = 0, 

where r is the number of O's in (i1, ... , in). 
Let v be a finite measure on G, equivalent to a right Haar measure. We 

shall define the convolution product measure V*A of v and ). as follows: If B is a 
Borel subset of X, let 

V*A(B) = L ).(hB)dv(h). 

Denote this convolution product measure V*A by µ (resp. µ') if p = q = 1/2 
(resp. p#q# 1/2). Then (G, X, µ) (resp. (G, X, µ')) is a free, ergodic and measur­
able (resp. non-meaurable) dynamical system. 

By Proposition 1 and Proposotion 2, we have the following theorem. 

THEOREM 1. Let G be a separable locally compact group and Gi• the stand­
ard Borel space of all irreducible representations of G. Assume that 

(1) I' is an abelian group, 
(2) (I', Q) is a polonais effective transformation group satisfying the 

condition (*) and every orbits are dense in Q, 
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(3) ro➔ nro is a Borel Junction from Q to Gir, 

(4) for any w E Q, nro is equivalent to flr(ro) for ally EI', 

(5) the orbit space Q/I' is a not T0 -space. 
Then there exists an ergodic measure µ (resp. µ') on Q such that K = 

L nwdµ(w) (resp. K' = t
1 

nwdµ'(w)) is a type II00 (resp. type III) factor repre­

sentation of G. 

Now, let us look at for semi-direct product groups. 
Let G be a semi-direct product group H x .N of a commutative closed sub­

group H and a commutative closed normal subgroup N. H acts on N as an 
automorphism group, we denote by ah, h EH, the automorphisms. 

Notice that for each h, ah defines an automorphism in the dual space N of N. 
In fact, for each x EN and each h EH we may consider the function n➔x(ain)) 
and verify that it too is a character and denote by the symbol [x]af If we write 
xh instead of [x]a? we deduce easily that N becomes an H-space. For each fixed 
x in N the group H x of all h EH with xh =xis called the stability group of X· 

Here, the following lemma is well pnown. 

LEMMA 6 ([11]). For each x EN choose an irreducible representation L of 
Hx and consider the subgroup HxxN consisting of all (h, n)EHx.N with 
h E Hx. Let (xL)(h, n)= x(n)Lh. Then xL is an irreducible representation of 
H xx .N and the induced representation uxL = Ind (xL) is an irreducible 

(Hxx,N)tG 
representation of G. 

In this lemma, suppose that H x = { e}, e is the identity, for all x E N, then 
UxL=Ux=Jndx; forf(x)EL2(H, µ) 

NtG 

(h,n)EG. 

Let X be the closure of O(x) in N, where O(x) is the orbit of X, i.e., O(x) = 
{xhlh EH}, then X is a standard space as Borel space. 

In these terms, by theorem 1, we obtain the following theorem. 

THEOREM 2. Let G=H x .N be the semi-direct product group with the 
following properties; 

(1) (H, X) is a polonais effective transformation group satisfying the 
condition (*) 

(2) x➔ ux is a Borel function from X to G1' 

(3) for any x EX, ux is equivalent to uxh for all h EH 
(4) the orbit space X/H is a not T0 -space, 

then there exists a ergodic measure v (resp. v') on X such that IP= )x uxdv(x) 

(resp. IV=) x uxdv'(x)) is a type 11 00 (resp. type III) factor representation of G. 
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REMARK 1. By the way of construction, we obtain at once the following; 

{IT•(g)lg E G}" = ~(H, X, v), 

{ll•'(g)jgeG}" = ~(H, X, v'). 

REMARK 2 (A RELATION OF UX AND REGULAR REPRESENTATION T). 

81 

Let T be the regular representation of G=Hx.N. That is, for f(h, n)e 
L2(H x .N, dµ x dv), µ (resp. v) is a Haar measure on H (resp. N), ( r, O e H x .N 

We carry out the Fourier transform of f(h, n) e L2(H x .N) in the variable 
neN; 

](h, x) = Lf(h, n)x(n)dv(n), (h, x) EH X N 

Under the action of the Fourier transform, T goes into the representation 1' 
defined by the equality 

Indeed, 

[T(r, ~)]J (h, x) = ~/(rh, al~)n)x(n)dv(n) 

On the other hnad, 

= Lf(rh, n)x(ixh-,(~)fi)dv(fi), where fi = ixh(~)n 

= ~/(rh, n)x(n)x(ixh-,(~))dv(n) 

= x(ixh-,(~)) Lf(rh, n)x(n)dv(n) 

= x(ixh-,(~))](rh, x). 

Therefore, formula (*) shows that T is the direct integral of representation 

ux =Ind X, x e N, acting in L2(H, µ). That is, T= 1 uxdv(x). 
xtG JN 

Now the above results are shown that Tix= ~x uxdv(x) is a factor represen-

tation of G. 



82 Shunsuke FuNAKOSHI 

REMARK 3. In the theorem, we have constructed the two different type 
representations 

(n• = L uxdv(x), H• = L H(x)dv(x)) 

and 

(ll•' = L uxdv'(x), H•' = )x H(x)dv'(x)) 

by the direct integrals of a family of irreducible representations (Ux, H(x))xex• 
The difference of n• and n•' can be consider with respect to the notions of 

"rigged Hilbert space•' as follows: Where we assume that G = H x .N is metrizable 
and <r-compact. For representations in rigged Hilbert spaces and their related 
notions, see ([6]). 

In general, for a given unitary representation of a metrizable and <r-compact 
locally compact group in a Hi!b;!rt space, we can construct a representation of 
the group in a rigged Hilbert space. 

By the way of the construction of the representation in a rigged Hilbert space, 
we have that the nuclear spaces corresponding to the two representations (n•, H•), 
and (fl•', H•') are same space, denote it by <P. That is, we obtain the rigged 
Hilbert space <PcH•c<P' (resp. <PcH•' c<P') corresponding to (ll•, H•) (resp. 
en•', H•')). 

When, the difference of n• and n•' can be seen the difference of the repre­
sentation spaces H• and H•' as the subspaces of <I>'. 

EXAMPLE (MAUTNER GROUP). Let R denote the additive group of real 
numbers and C2 the product of two copies of the field of complex numbers. 
If (z 1, z2) denotes an element of C2, we will define the action oft ER on C2 by 

where y is an irrational number. 
Let M denote the semi-direct product Rx ,C2, where R acts on C2 as above. 

Mis called the Mautner group. For (=(t; z1, z2), ('=(t'; z~, z~)E Rx,C2 , 

Mautner group is a semi-direct product group with the properties of the 
Theorem 2. 
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X is the closure of the orbit 
O(x) through a point x E N 

transformation group (H, X) 

XE N, H x is the stability 
group of x 

ux = Ind X, XE N, i.e., 
NtG 

fe L(H2, µ), ~--
Ufh,n)f(x) = x(ct.h-1(n))f(hn) 

(h,n)eG=Hx,N 

xeX ➔ uxeGir 

xeX, ux~uxh for all heH 

the orbit space X / H 

nv = L uxdv(x) 

ct.r(z 1, z 2) = (e11z 1, eiYtz2 ) 

(z 1,z2)eC2,teR 

the closure of the orbit {ct.i(z1, z2)1t ER} 
through a point (z 1, z2) E C2 is the two­
dimentional tourus 7 2 if(z 1 , z2)#(0, 0) 

(R, 7 2) is a polonais effective trans­
formation group satisfying the condi­
tion(*) 

(z1, Z2)E 7 2, if 
1Xi{z1, z 2) = (ei1z 1, eh'z 2) 

= (z1, Z2), 
then t=O, i.e., the stability group of 
(z 1, z2) is {O} 

f(t) E L2(R, µ) 
u<a,b) f(t) -

(s;z1,z2) -

exp { - i Re (e-i•az 1 + e-iy•bz2)} 

X f(t+s), 
(s; Z1, Z2)ER x.c2 

(a, b) E 7 2, u<a,b) is irreducible, 
(a, b) E T2➔ u<a,b) E Gir is a Borel 
function 

(a, b) E 7 2, u<a,b) ~ ua,(a,b) for all 

t E R because that the intertwining 
operator for u<a,b) and U<X,(a,b) can 
be only the operator of translation by 
t for each t E R 

the orbit space 7 2 / R is not a T0-space 

nv = (' u<a,b)dv(a, b), Jr, 
f(t; a, b)eL2(Rx T 2 , µxv), 

nr_.;.1,.2if(t; a, b) = 
exp { - i Re (e-i•az 1 + e-iysbz2)} 

x f(t+s; a, b), 

83 
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