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Let ¢ be a tame oriented link in a 3-space R3 satisfying that there is a solid
torus V in R3 whose boundary, &V, contains £. For a longitude A, a meridian
1 on &V, if the number of points of A n £ and g n ¢ are minimum, A and yu are said
to be nice with respect to £. Let A and y be nice with respect to £ and let p, g
be the number of un £, An £ respectively. Assume that pg#0. Then if Vis
unknotted in R3, ¢ is said to be a torus link of type (p, q) and if V is knotted in
R3, ¢ is said to be a cable link of type (p, q) with a core ¢ of Vand Vis said to be
associated to 4. And ¢ is denoted by ¢,, [3]. If p coincides with the absolute
value of the intersection number of u and 4, £ is said to be a link with same ori-
entation (on JV).

If k=k,, is a torus knot, the genus of k, g(k)=%(p—1) (g—1) in [3], [4]

and if k=k, , is a cable knot with a core c, g(k)=%(p— 1) (g—1)+pg(c) in [3],
51

In this paper, we will consider the genus of torus links and cable links and
show the followings.

THEOREM. Let £ be a torus link of type (p, q) with same orientation and let
d be the greatest common -divisor of p and q. Then g(e)=—é—{(p—1)
(g—1)—d+1}.

COROLLARY. Let ¢ be a cable link of type (p, q) with same orientation on
0V and let d be the greatest common divisor of p and q. Then g(é)=—;—{(p—1)
(g—1)—d+1}+ pg(c) for the core c of V.

We study in the piecewise linear category throughout this paper.

PROOF OF THEOREM

To prove Theorem, we prepare the following special case for Theorem.

LemMA 1. Let 44 be a torus link of type (p, np) with same orientation for
an integer n. Then g(ﬂo)=—;—(p—1) (np—2).

Proor. Let ¥V be an unknotted solid torus associated to ¢, and let u, c* be
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a meridian, a core of Vrespectively. For a link L= pc* U u, we easily see that the
Alexander polynomial 4;(ty,...,t,, £)=(t—1)P"!, where pc* means non-twisted
p parallel loops to ¢ in the interior of ¥ hence pc* is a trivial link in R3. So
Ayt )= t2—=1)p"Y(¢;--t,—1)"1 by Theorem 3.2 in [1]. Hence
deg.4,(t,...., )=p(p—~1)n—p. By the way, for the reduced Alexander
polynomial A, (t) of 4,, deg. 4,()=52g(4o)+p—1 and deg. 4,(s,..., H+1=
deg. 4,,(#) [2]. Therefore 2g(4o)= p(p—Dn—2p+2=(p—1) (np—2).

On the other hand, we can easily construct an orientable surface F with 0F =

£ such that g(F)=%(p—1) (np—2). So g(ﬂo)é%(p—l) (np—2).

LemMA 2. Let £=2£,, be a torus link such that the greatest common divisor
of pand qisd. Then £ is a cable link of type (d, %q_) with a core kp a, a torus
d>d

knot oftype(d d)

ProoF. As each component of £ is a torus knot of type (%,%), the core of

V associated to a cable link £ is also a torus knot of type (%,—ZT . If Zisaknot,

Lemma 2 is trivial. So assume that d=2. As the linking number of each two

PIN_ (g P9
components of £ is +P1 dz , 4 is a cable link of type (d, d Fi (d, 7 )

ProoF oF THEOREM. By Lemma 2, g(ﬂ,,q)=g(€d}%q). Let f be a faithful
homeomorphism of V associated to ¢,24 onto an unknotted solid torus V*.

As fis faithful, f(¢, eaq) is a torus link of type (d 14 q) ([6]), denoted by £3 B
Since 7% is a link with same orientation, 43‘,1%1 is also a link with same ori-

entation and
g(6a28) = g(¢ira)+ dg(ks 9)
by Lemma 2 and Corollary 1.9.3 in [5]. By the way,
=Lleg_nfPa_
g(12) = L @—1(2L-2)

by Lemma 1 for 24 is devided by d and

9= H(5)(41)

Therefore we obtain that g(£, )=g(¢ d,%g) = % {(p—1D(g—1)—d+1)}.
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Corollary is obtained by the above Theorem and Corollary 1.9.3. in [5].

References

[1] M.E.Kidwell: Orders of links and the Alexander polynomial, Ph. D. Dissertation,
Yale Univ. (1976).

[2]1 K. Murasugi: Lecture Notes in Toronto Univ. (1970).

[3] H. Schubert: Knoten und Vollringe, Acta Math., 90 (1953), 131-286.

[4] H. Seifert: Uber das Geschlecht von Knoten, Math. Ann., 110 (1934), 571-592.

[51 T.Shibuya: On compound links, Kobe Math. Seminar Notes 11 (1983), 349-361.

[6] Y. Shinohara: On the signature of knots and links, Ph. D. Dissertation, Florida State
Univ. (1969).

T. Shibuya

Department of Mathematics
Osaka Institute of Technology
Asahi-ku, Osaka, 535

Japan



