<RNEL

;f Kobe University Repository : Kernel

K

S
4ope

PDF issue: 2026-05-13

The countable-open topology in the locally
convex seting

Khan, Liagat Ali

(Citation)
Kobe Journal of Mathematics, 3(1):47-50

(Issue Date)
1986-06

(Resource Type)
journal article

(Version)
Version of Record

(JaLCDOI)
https://doi.org/10.24546/E0034629

(URL)
https://hdl. handle. net/20.500. 14094/E0034629

\j].\i\'l:lihl'['\'
AN



KHAN, L. A.
KoBE J. MATH.,
3 (1986), 47-50

THE COUNTABLE-OPEN TOPOLOGY IN THE
LOCALLY CONVEX SETTING

By Liagat Ali KHAN
(Received December 10, 1984)

Let X be a completely regular Hausdorff space and E a real or complex
Hausdorff locally convex space whose topology is generated by a family {p: peI}
of continuous semi-norms on E. Let Cy(X, E) denote the vector space of all
bounded continuous E-valued functions on X. When E is the real or complex
field, this space is denoted by C,(X). The notion of the countable-open topology
on C,(X) was briefly introduced by Gulick and Schmets in ([3], p. 256). In this
paper, we define the countable-open topology on the space C,(X, E) and discuss
its relation with some other locally convex topologies on Cy(X, E). We also
consider its completeness and characterize its separability in terms of X and E.
Many properties of this topology resemble with those of the o-compact-open
topology studied in [2].

DerFINITION. The countable-open topology o, (resp.o-compact-open
topology ¢, compact-open topology x, point-open topology p) on CyX, E) is
defined by the family {{| - || ,,: A€, pel} of semi-norms, where &7 consists of
all countable (resp. g-compact, compact, finite) subsets of X and | f|, ,=sup-
{p(f(x)): xe A}, fe C(X, E). The uniform topology u on Cy(X, E) is given by
the semi-norms || - || ,=|l - [x,,, p€1. :

We shall denote by C,(X)®E the vector space spanned by the set of all func-
tions of the form g®a, where g € C,(X), ac E, and (g ®a) (x)=g(x)a (x € X).

THEOREM 1. (i) p<oy<o6<u and p<k<o.
(ii) oo=u iff X is separable.
(iii) oo=0 iff every o-compact subset of X has separable closure in X.
(iv) (a) k<o, iff every compact subset of X is separable.
(b) 6, <« iff every countable subset of X is relatively compact.
(v) o0y and u have the same bounded sets in C,(X, E).

Proor. (i) This follows easily from the definition.
(ii) Suppose there is a countable subset A< X such that A=X. For any Pel,
let W={feCy(X, E): || fll,<1} be a u-neighbourhood of 0 in C,(X, E). Then
V={feCyX, E): | fll4a,<1}isa o,-neighbourhood of 0 contained in W ; hence
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u<a, Conversely, suppose u<o, but X#B for every countable BcX.
Choose a p; €I and a ce E with p,(c)=2. There exists a countable D< X and
a p, €I such that

W, ={feCyX, B): | fllpp, <1} € Wy = {fe Cy(X, E): || f]lp, <1}

Let ye X~.D. By complete regularity of X, we can choose a ge Cy(X) with
0<g<1, g(y)=1, g(D)=0. Then g®ce W, but g®c¢ W,, a contradiction.
(iii) and (iv) follow by the argument simmilar to the one used in (ii).

(v) Since o, <u,every u-bounded set in C,(X, E) is 6y-bounded. Now, suppose
there is a set H< C,(X, E) which is 6,-bounded but not u-bounded. Then there
exist sequences {f,} € H, {x,} =X, and a semi-norm pe I such that p(f(x,))>n?
for all n>1. Let A={x,}. Then H is not absorbed by the o,-neighbourhood
{feCyX, E): | fll4,,<1}, a contradiction.

THeoreM 2. (i) If (Cy(X, E), o) is bornological, then o,=u.
(i) If E is metrizable, then the following are equivalent: (a) 6o=u;
(b) (CX, E), a,) is metrizable; (¢) (C(X, E), o) is bornological.

Proor. (i) Suppose (Cy(X, E), g,) is bornological. Since ¢, and u have
the same bounded sets, the identity map i: (Cy(X, E), g4)—>(C(X, E), u) is con-
tinuous ([4], Ch. II, Theorem 8.3). Hence u <a,.

(i) If E is metrizable, then (C,(X, E), u) is also metrlzable and so (a)=(b).
Next, (b)=>(c) follows from ([4], Ch. II, Theorem 8.1), and (c)=>(a) follows from
part (i).

We now consider the completeness and sequential completeness of the

countable-open topology.

THeorReM 3. (i) If X is a k-space, E is complet and k<a,, then (Cy(X, E),
0,) is complete.
(i) IfEis sequentia‘lly complete, then so is (Cy(X, E), 0,).

Proor. (i) Let {f,} be a g,-Cauchy net in C,(X, E), and let f(x)=1lim f,(x)

(xe X). For any countable set A< X and p eI, there exists an index «, suéh that
p(f(x)—fi(x)<1 for all xe A and «, A>x,. Then, for any fixed xe A and
a> oy, p(fx)—f(x))<1. Hencef, 20, f. Next, suppose fis not bounded. Then,
there exist a p, €I and a sequence {x,} < X such that p,(f(x,)>n? for all n>1.
If B={x,}, we can choose an index «; such that p,(f(x)—f(x))<1 for all xe B
and a>a;. Choose r>2 such that sup {p,(f,,(x)): xe X}<r. Then, for any
n>r,

pl(f(xn)) S pl(f(xn) _fal(xn)) + pl(fal(xn)) S 1 +r< nZ,

a contradiction. Hence f is bounded. Since k<0, f,—f uniformly on every
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compact subset of X. Since X is a k-space, it follows that f is continuous. Thus
feC(X, E), as required.

(i) Let {f,} be a g,-Cauchy sequence in C,(X, E). Then, as in part (i), there
exists a bounded E-valued function f on X such that f, ?°,f. Suppose f is not
continuous at some x, € X. Then there exist a net {x,: leA}<=X,apel, and an
£>0 such that x,—x, but p(f(x;)—f(xe))>e¢ for all Ae A. Correspondence to
each f,, choose an index A,€ A such that p(f,(x,)—f(xo))<¢/4 for all A>4,. If
A={xo} U {x,,}, there exists an integer N such that || f,—f| | ,<e&/4 for all n>N.
Then, for any n>N,

() =f(50) < P (a,) ~lxa, ) + DU —Fixo) + PUf(xe) —f(xo)) <&,

a contradiction. Thus (C(X, E), o,) is sequentially complete.
Finally, we characterize the separability of (C,(X, E), o).

THEOREM 4. The following are equivalent.
(a) X is a compact metric space and E is separable.
(b) (CX, E), 0,) is separable.

Proor. (a)=+(b) If X is a compact metric space, then, by a classical result
of M. and S. Krein (see [3], Theorem 1), (C,(X), | - ||) is separable. Let {g,}
and {a,} be countable dense subset of (C,(X), | - |) and E respectively, and let G
be the countable subspace generated by {g,&a,: m, n 1, 2,...} over rationals.

Then G is u-dense in C(X)®E as follows. Let f= Z [i®b; (fie C(X), b;eE)
be in C(X®E and pel. Let r=max {p(h): 1<l<q} and s=max {| fil:
1<i<q}. Put M=2q(r+1)(s+1). Choose g, €{g,} and a, €{a,} such that
1Gm,—fil <1/M and p(a,—b)<1/M (1<i<qg). Let g= Zq Im®a,. Then
g € G and, for any x€ X, =

POCI~F(9) < 2 g (DIPan—b) + 2, 19m(I—f(IIp(b)

<120 +1) + r20r+ D (s+1) < 1.

Now, by ([1], Ch. III.1, Proposition 1 and Lemma 2), Cy(X)®E is u-dense in
Cy(X, E). Since oy <u, it follows that (Cy(X, E), g,) is separable.

(b)=(a) Let {f,} be a countable g,-dense subset of C,(X, E). Choose a non-
zero @ € E’, the topological dual of E. Then it is easy to show that {@of,} is
go-dense in C,(X). Hence (Cy(X), g,) is separable and so, by ([3], Theorems 4
and 7), X is a compact metric space. Next, for any fixed z € X, {f,(z)} is dense in
E. This completes the proof.
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