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It is well known that any two arcs with the same end points in R3 or S3 can 
be moved isotopically from one to the other keeping the end points fixed during 
the deformation. This is called Light Bulb Theorem ([8]). In this paper, we 
prove the Light Bulb Theorem is valid in the higher dimensional case. As an 
application, we will give a characterization of invertible knots concerning with 
J. M. Montesinos' question ([4]). 

Throughout the paper, we work in the piecewise linear category. 

For an oriented manifold X, by -X we mean the manifold with the opposite 
orientation, and for oriented manifolds X and Y, X = Y means that X = Y as point 
sets and that the orientations of X and Y coincide. A pair (X, Y) means a pair 
of manifolds X, Ywith X-=i Y. In this paper, every submanifold in a manifold 
is assumed to be locally fiat. A ball pair (B", Bm) is unknotted if it is 
homeomorphic to (Bm x [ -1, 1Jn-m, Bm x (0, ... , 0)) as a pair. A sphere pair 
(S", Sm) is unknotted if Sm bounds an (m + 1)-disk in S". 

A map F:Xxl➔ Yxl is level preserving if, for tel, F(X,t)cYx{t}. 
For a level preserving map F: XxI➔ YxI, we define F1 : X➔ Yby Fi(x)=F(x, t) 
for x e X, t e J. An isotopy of X is a level preserving homeomorphism F: X x I➔ 
Yxl such that F 0 =id. By id or 1x, we mean the dientity map of X onto itself. 
An isotopy F of Xis said tofixa subset Vin X if F(x, t)=(x, t) for xe V, tel. 
A homeomorphism f of X onto itself is isotopic to the identity if there exists an 
isotopy F of X such that F 1 = f, and f is isoto pie to the identity keeping V fixed 
if F fixed V. 

Let P(n, m) and Q(n, m) be the following assertions: 

P(n, m): Let (B", Bm) be an unknotted ball pair, and f an orientation 
preserving homeomrphism of B" onto itself such t.hat flBm is the identity map. 
Then f is isotopic to the identity keeping Bm fixed. 

Q(n, m): The same assertion as the above P(n, m) by rewriting an unknotted 
ball pair (B", Bm) as an unknotted sphere pair (S", Sm). 

Then we will first prove the following: 

THEOREM 1, P(n, m) and Q(n, m) holdfor n>m~0. 
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The author should thank to Prof. M. Kato for pointing out that the above 
theorem is essentially same as Lemma 8 in [7]. 

For completeness we give a proof of Theorem 1. For this, we give some 
preliminaries. 

Let F be a homeomorphism from M x O U oM x I U M x 1 onto itself such 
that FloM x I is an isotopy of oM and that FIM x O is the identity map, then we 
call Fa pre-isotopy of M. 

The following Lemma 1 is trivial by using Alexander's trick, or cone 
extension: 

LEMMA 1. Let (Bn, Bm) be an unknotted ball pair for n>m~O, and Fa 

pre-isotopy of Bn such that FIBm x 0 and FIBm x 1 are the identity maps, and that 

FloBn x I fixes f!Bm. Then F can be extended to an isotopy of Bn which keeps Bm 

fixed. 

LEMMA 2. P(n, 0) holds for n>O. 

PROOF. Let f be an orientation preserving homemorphism of Bn onto 
itself such that f(B0) = B0 . Then there exists an isotopy F of oBn such that F 1 = 
floBn, because any orientation preserving homeomorphism of a sphere onto itself 
is isotopic to the identity. We can easily extend F to obtain a pre-isotopy, 
denoted by the same symbol F, of Bn such that F 1 = f. By Lemma 1, P(n, 0) 
is proved. 

LEMMA 3. If Q(n, m) is true, then P(n+l, m+l) holds. 

PROOF. Let (Bn+i, sm+1) be an unknotted ball pair, and fan orientation 
preserving homeomorphism of sn+i onto itself such that f IBm+l is the identity. 
Then of =floBn+i is an orientation preserving homeomorphism of sn onto itself 
such that oflSm is the identity, where sn=oBn+l and Sm=oBm+l, By hypothesis 
Q(n, m), there exists an isotopy oF of sn such that oF1 =of, and oF fixes sm. 
Then we can construct a pre-isotopy F of sn+l from oF such that FloBn+l XI= oF, 

and FIBm+l x O and FIBm+l x 1 are the identities. By Lemma 1, P(n + 1, m + 1) is 
proved. 

LEMMA 4. If P(n, m) is true, then Q(n, m) holds. 

PROOF. Let (Sn, Sm) be an unknotted sphere pair, and f an orientation 
preserving homeomorphism such that fl Sm is the identity. Let B!11 be an m-ball 
in sm, B~ = cl( sm - B!11), and Bi a relative regular neighborhood of B!11 mod B~ in 
sn ([3]). Then f(Bi) is a relative regular neighbourhood of B!11 mod B~ in sn. 

By the uniqueness of relative regular neighbourhood ([3]), we can find an orien­
tation preserving homeomorphism g of sn onto itself such that g(Bi)=Bi, 
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glSm is the identity, andf is siotopic tog keeping Sm fixed. Let g± =glB'±, where 
B':=cl(Sn-B!t). Then g± is an orientation preserving homeomorphism of B'± 
onto itself such that g ± I Bf is the identity and g + loB'.(' = g _ loB~. 

By P( n, m ), there exists an isotopy G + of Bi such that g + = Gt and G + fixes 
B'.('. Let c- be a homeomorphism defined by 

I 
(x, t) if XEB':, t = 0, 

c-(x, t) = c+(x, t) if x E aBr:, tEI, 

(g_(x), t) if XEB':, t = 1. 

Then c- is an pre-isotopy of B!!., hence by Lemma 1, a- can be extended to an 
isotopy, denoted by the same symbol a-, of B!!. keeping B~ fixed. By G+ and a-, 
g is isotopic to the identity keeping sm fixed. Thus f is isotopic to the identity 
keeping sm fixed. This completes the proof of Lemma 4. 

PRooF OF THEOREM 1. Theorem 1 is trivially followed from Lemmas 2, 3 and 
4. 

The following is directly implied by Theorem 3 in [2] : 

PROPOSITION 1. Let M be a locally flat submanifold in the interior of a 
manifold Q, and F an isotopy of M. Then there exists an isotopy H of Q such 
that the following is commutative: 

Qxl~Qxl 

riXlr rixl, 

Mxl~ Mxl 

where i is the inclusion map of M into Q. 

LEMMA 5. Let Bf} and B'{' be m-disks in sn for n > m ~ 0 such that oBf} = 
oB'{'. Then there exists an orientation preserving homeomorphism f of sn onto 
itself such that f(Bff) = B'{' and floBf}= 10B::-

PROOF. By choosing suitable orientations of Bf} and B'{', we can get an orien­
tation preserving homeomorphism g of Sn onto itself such that glBff: Bf}➔B'{' and 
gloB'{': oB'{'➔ oB'{' are orientation preserving homeomrphisms. Then there exists 
an isotopy G of oB'{' such that G1 =(gloB'{')- 1 . By the parallel argument to 
Lemma 1, i.e. by cone extension, we can get an isotopy F of B'{' such that F 1loB'{'= 
G1 . By Proposition 1, there exists an isotopy H of sn such that the following 
commutes: 
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sn X I ~ sn X I 

rixlr riXlr 

BTxf_L____,BTxl 

where i is an inclusion map of BT into sn. Let f = H 1 og, then we can easily 
check thatf(B3')=B3' andfloBT=laBf· This completes the proof of Lemma 5. 

Combining Theorem 1 and Lemma 5, we have the following Higher 
Dimensional Light Bulb Theorem: 

THEOREM 2. Let B3' and BT be locally flat m-disks in sn for n > m ~ 0 such 
that 0B3'=0BT, Then there exists an isotopy of sn which moves B3' onto BT 
keeping 0B3' fixed. 

Without the assumption of locally flatness, W. B. R. Lickorish proved 
Theorem 2 in the case of n-m~3 ([5]). 

In the rest of the paper, every manifold is assumed to be oriented. A knot 
Kn is said to be invertible if there exists an orientation preserving homeomorphism 
f of sn+z onto itself such that f (K") = - Kn. For an unknotted sphere pair 
(Sn, sn-1),f is a reflection of sn with respect to sn- 1 iff is an orientation reversing 
homeomorphism of S" onto itself such that flSn- 1 is the identity map of sn-1 

onto itself. 

In [6], J. M. Montesinos asked wheather each invertible knot is strongly 
invertible or not [ 4]. Concerning this question, counter examples are given by 
W. Whitten ([9]). 

The following Theorem 3 shows that each invertible knot has a "weakened" 
strong invertibility. 

THEOREM 3. Let Kn be an invertible knot in sn+z. Then there exists an 
isotopy F of sn+z such that 

(1) Fix (F) n Kn is an unknotted (n-1)-sphere in Kn, where Fix (F) = 
{xesn+2 1Fi(x)=xfor tel}, 

(2) F 1 I Kn is a reflection of Kn with respect to Fix (F) n K". 

To prove Theorem 3, we will give some lemmas. 

LEMMA 6. Let sm be in Sn, and S~ and St be unknotted oriented k-spheres 
in sm (n>m>k~O). Then there exists an isotopy F of sn such that Fi(Sm)=Sm 
for tel, and F 1(S~)=St. 

PROOF. By [1], there exists an isotopy of Sm which sends S~ to S~. From 
this fact and Proposition 1, the required isotopy is easily obtained. 

By the similar way, the following is easily proved, so we omit the proof. 
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LEMMA 7. Let sn, sm and Sk be spheres with SkcSmcsn, and f be an 

orientation preserving homeomorphism of Sk onto itself. Then there exists an 

isotopy F of sn such that Fi(Sm)=Sm for tel, and F 1°f is the identity map of Sk 

onto itself. 

PROOF OF THEOREM 3. Let B0 be an n-disk in Kn, and B 1 = - cl(Kn - B0 ), 

hence Kn=B0 U (-B1). By the invertibility of Kn, there exists an orientation 
preserving homeomorphism f of sn+z onto itself with f(Kn)= -Kn. By 
Lemma 6, there exists an orientation preserving homeomorphism g of sn+z such 
that g(Kn)=Kn and g(f(oB0 ))=oB0 . By considering orientations, gof(B0 )=B1 

and g 0f(B 1 ) = B0 . Thus (g 0f)loB0 is an orientation preserving hoemo­
mrphism of oB0 onto itslef. Then, by Lemma 7, there exists an orientation 
preserving homeomorphism h of sn+z onto itself such that h(Kn)=Kn and 
(hogof)loB0 is the identity. Let ¢ = hog 0f, then ¢ is an orientation preserving 
homeomorphism of sn+z onto itself such that ¢(Kn)= -Kn and ¢18B0 is the 
identity, hence ¢1Kn is a reecfltion of Kn with respect to oB0 . By Theorem 1, 
we can obtain the required isotopy. 

References 

[ 1 ] Gugenheim, V. K. A. M.: Piecewise linear isotopy and embedding elements and spheres 
(I), Proc. London Math. Soc. (3), 3 (1953), 29-53. 

[ 2] Hudson, J. F. P.: Extending piecewise-linear isotopies, Poe. London Math. Soc. (3), 
16 (1966), 651-668. 

[ 3] Hudson, J. F. P., Zeeman, E. C.: On regular neighbourhoods, Proc. London Math. 
Soc. (3), 14 (1964), 719-745. (Correction in ibid. 21 (1970), 513-524.) 

[ 4] Kirby, R.: Problems in low dimensional manifold theory, Proc. Symp. in Pure Math. 
32 (1978), 273-322. 

[ 5] Lickorish, W. B. R.: The piecewise linear unknotting of cones, Topology 4 (1965), 

67-91. 
[ 6] Montesinos, J.M.: Surgery on links and double branched covers of S3

, Ann. of Math. 
Studies #84 (1975), 227-259. 

[ 7] Noguchi, H.: Obstruction to locally flat embeddings of combinatorial manifolds, To­
pology 5 (1966), 203-213. 

[ 8] Rolfsen, D.: Knots and links, Publish or perish, 1976. 
[ 9 l Whitten, W.: Inverting double knots, Pacific J. Math. 97 (1981), 209-216. 

Department of mathematics 
Faculty of Education 
Saga University 
Saga, 840, JAPAN 




