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We consider a compact oriented surface F smoothly and properly embedded
in R3x I which is the direct product space of the Euclidean 3-space R3 and the
unit interval I=[0, 1]. Note that F is ambient isotopic to a surface which has
only elementary critical points (see, [4], I). So, we can assume that F has only
elementary critical points, and let ¢(F) be the number of them.

In this note we will estimate ¢(F) by numerical invariants of links (L;, R3)=
(FNnR*x{i}, R®x{i}) (i=0,1). Let (L) be the number of components of a
link L. We can easily see the following fact:

o(F) 2 |u(Lo)—p(Ly)l, and
e(F) = p(Lo) — w(Ly) (mod?2),

which are rough but best possible. :

For an oriented link (L, R3), let X(L)=R3—L, and take the unique infinite
cyclic covering p: X(L)— X(L) associated with the epimorphism y: 7,(X(L))—{t>
sending each meridian of L to t, where <¢) is the infinite cyclic group generated
by a letter t. The 1-dimensional integral homology group H,(X(L); Z) forms a
finitely generated Z<t>-module, and we let m(L) be the minimum size of such
matrices [2]. By convention, m(L)=0 iff H,(X(L); Z) is trivial.

For an oriented link (L, R®), we can define invariants of a link: the signature
o(L) and the nullity n(L) in the sense of Murasugi [5]. The following Theorem is
an answer to a question of Professor A. Kawauchi at a KOOK seminar.

THEOREM. For the above F, Ly, and L., we have
o(F) 2 |m(Lo)—m(L,)|, and
«(F) 2 lo(Lo)—a(Ly)| + [n(Lo)—n(Ly)|.

Proor. If F has minimal points and/or maximal points, then we can

* Supported by the Japan Society for the Promotion of Science.
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construct a new surface F' in R3 x [0, 1], which has ¢(F) saddle points, no minimal
points, and no maximal points, by piping as shown in Fig. 1 (cf. [4], II).
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Fig. 1

Furthermore, we can assume that the levels of such saddle points are mutually
distinct i.e. for the integer k =c(F), we can choose numbers #(i)’s (i=0, 1, 2,..., k)
with 0=#0)<#(1)<t2)<--<t(k)=1 such that Fn R3x [«(i), «(i+1)] has only
one saddle point, and F has no saddle point at R? x {t(i)} (i=0, 1, 2,..., k).

We denote the link (FnR3x{«(i)}, R3x {#(i)}) by (L(i), R?). From the
following inequalities:

[m(Lo)—m(Ly)| = [m(L(0) —m(L(D)| + |m(L(1))~m(L(2))|
+ o+ m(L(k~ 1)) —m(L(k))| ,
[o(Lo)—a(L)] = |o(LO) —a(L(1)] + |a(L(1))—o(L(2))|
+ -+ |o(L(k—1)) - a(L(k))}, and
[n(Lo) —n(L )| = |n(L(0) — (L) + [n(L(1))—n(L(2))|
+ooe ot In(L(k— 1)) = n(I(K))] ,

it is sufficient to show Theorem for the case that F has only one saddle point.
From now, we assume that F has only one saddle point, no minimal point,
and no maximal point; in other words, L, is obtained from L, by only one fusion
(and conversely, L, is obtained from L, by only one fission). Let §, be a band
which realizes the above fusion on L, and S, a connected Seifert surface of L.
By Yanagawa’s method in [8], we can construct a connected Seifert surface
S, of L, from S, and B, by piping along f, to kill singularities of S, N f,. Now,
we choose simple loops {a;} which represent a basis of H,(S;—~f,; Z) as a free
abelian group, and we further choose a simple loop b, rounding once along f,

such that {a;} U b, represent a basis of H,(S,; Z) as a free abelian group.

We obtain V, = lk(a,,a’,‘)lk(a,,bg) for a Seifert matrix of L;. Therefore
Ul (bo, a}) { Kk (b, bE) N ! ’

the 1-dimensional integral homology group H;(X(L,); Z) has a square presenta-

tion matrix V—¢- ¥V’ as a Z{t)-module, where ¥’ denotes the transposed matrix

of ¥, which we rewright out
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Notice that (S, — o) U(S; N Bo) is a connected Seifert surface of L.
Therefore, the sub-matrix |lk(a;, a})| is a Seifert matrix of Lo, and the sub-matrix
|Ik(a;, at)—t-lk(a;, af)| is a square presentation matrix of H(X(Ly); Z) as a
Z{t>-module. By the definition, this sub-matrix can be reduced to a square
matrix of size m(L,) by a finite sequence of fundamental transformations of
presentation matrices of Z{¢)-modules. Those transformations can be applied
to V—1- V' regardless of coefficients of the last row and the last column. There-
fore, V—t- V' can be reduced to a square matrix of size m(Ly)+ 1.

Hence, we have m(L)<m(Ly)+1.

Conversely, from a connected Seifert surfaces S§ of L, and a band f; which
realizes the fission on L,, we can construct a connected Seifert surfaces S§ of
L,. By parallel argument to the above, we have m(Lo) <m(L)+1.

Hence, we have |m(Ly)—m(L)|<1, and the proof of the first part is com-
plete.

Concerning the second part, Murasugi have already shown that [6(Lo) —o(L,)|
+|n(Ly)—n(L,)|=1if L, is obtained by only one fusion from L, in [5, Lemma
7.1].

Hence, the proof is complete.

COROLLARY. Let F be a compact oriented surface which is smoothly and
properly embedded in R3 x [0, 00), and which has only elementary critical points.
For (L, R)=(F n R3x {0}, R3x {0}), we have

o(F) 2 m(L)y+ 1, and
o(F) = |o(L)| + |n(L)—1] + 1.

Proor. From the compactness of F, F can be assumed to be in R3x [0, s)
for a sufficiently large number s. Then we can construct a new surface F’ from F
by piping from one maximal point of F to a trivial knot O in R3 x {s} as shwon in
Fig. 2.

R3x {5} = 5
y : ? :
R3x {0}

Fig. 2
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By Theorem, we have c(F)z|m(L)—m(0)|, and c(F')=lo(L)-a(0)|+
[n(L)—n(0)]. From m(0)=0(0)=0, and n(0)=1, we have the required
inequality by ¢(F)—1=c(F’). Hence, the proof is complete.

ReMark. The first estimate of Corollary: ¢(F)=m(L)+1, was shown for
the case L is a knot in [6], [7], and [1].

After my work, Kawauchi [2] gave a sharp estimate: ¢(F)—2co(F)=m(L)+1,
by delicate algebraic argument on modules, where ¢y(F) is the number of the
minimal points of F.

Concerning the second estimate, Murasugi [5] took an interest in an estimate
of genus h*(F) of a surface F, and he gave {o(L)| S 2h*(F)+ u(L)—1.
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