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1. Introduction

Let X={1, 2,..., k}, where k is an integer with k>2, and let X(» be the
set of all 2-subsets of X. An element {p, g} of X® is simply written by pq.
Suppose that a number 7 is assigned to an element pg in X®». Then the number
t is called the weight of pg. For a positive integer I, consider a weighted graph
with the point-set X in which each pg € X(® has an integral weight w,, satisfying
0<w,<I-1. Clearly, o, =w,, since a graph treated here is an undirected
graph. A weighted graph is a multigraph if each weight is regarded as the number
of multiple lines. In particular, w,, =0 means that the points p and g are not
adjacent. When /=2, a weighted graph is equivalent to an ordinary undirected
graph (simple graph). Two weighted graphs are said to be isomorphic if there is
a one-to-one correspondence from the point-set of one graph onto that of the
other graph which preserves weights assigned to the pairs of points. For each
pair (I, k), we want to determine the number of nonisomorphic weighted graphs
and obtain their representatives. The enumeration of simple graphs has been
established and the representatives have been obtained for some k (e.g., see
Appendix I of Harary [1] and Appendix I of Harary and Paimer [2]).

Let w be a < I; >-rowed vector whose i-th element is given by w,,, where p

pe
and ¢ (1<p<q<k) are obtained by i=(p—1)2k—p)/2+(g—p). Further, let
Q={w=(03, ©3,..., 0 Y, =0, 1,..., I-1; 1<p<g<k}. Itis easily seen
that there is a one-to-one correspondence between the @’s and the weighted
graphs. Therefore the total number of weighted graphs is the same as the

cardinality of Q (i.e., |Q|=l(’2()). Let S, be a symmetric group of degree k on
the X and let S{?’ be the permutation group induced by S, which acts on X,
Each permutation ¢ in S, induces a permutation ¢’ in S{2’ such that for every
element pg in X(®),

o'{p, 4} = {op, aq}.

For ceS, and @=(w;;, Wy3,..., Oy ) €Q, define @ =(w, 12y, Dyr(13y5»
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@y k—1,4))> by Which o acts on Q since w”e Q2. We can then introduce an equi-
valence relation as follows. Two elements @ and @ in Q are equivalent, @ ~ @
(mod S)), if there exists a permutation ¢ € S, such that @=w? holds. This means
that the set Q is partitioned by equivalence classes, i.e.,

Q=0,UQ, U U Q, (1.1)

where @,, @, € Q, if and only if @, ~®, (mod S,), and ;N Q,=¢ (i#i’). Here
€;’s are said to be orbits of S,. Clearly, the number of nonisomorphic weighted
graphs is equal to R, that of orbits of S;. In Section 2, we give the enumeration
of weighted graphs, that is, the number R of orbits of S,. Essentially, for non-
negative integers Ay, Aq,..., 4, satisfying > !=3 /l,=< 15 ), we give the enumeration
of weighted graphs in which the number of elements of X(® having weight ¢ is A,
for t=0, 1,...,I—1. This gives the number of orbits in a subset Q; ; ..;,_, of
Q such that exactly 4, components of @ € have weight ¢t for t=0, 1,...,[—1.
These enumerations may be achieved by using P6lya enumeration theorem (see,
e.g., [2] or Redfield [3]). However, the methods include complicated and
enormous calculations. The method given in this paper is efficient in a sense that
calculations are considerably simplified.

When k is even, the enumeration and representation of a weighted graph
play an important role in the theory of a statistical search design introduced
by Srivastava [4]. In particular, those for /=2, 3 and for k not so large are
more important from the point of view of practical usages. The details will be
seen in a suceeding paper. The representatives of weighted graphs for /=3 and
k=4 are given in Section 3.

2. Enumeration of orbits in £2

We first state the well-known Burnside’s Lemma, which is an important tool
in calculating the number of orbits of a group A4 as it acts on a set ©.

THEOREM 2.1 (Burnside’s Lemma). The number N(A) of the orbits is given

by
N(4) = 77 Z, Hxe 03 x=x}.
acA

Suppose A=S, and ©=Q. Then |S,j=k!. We here calculate |{@e@2;
w’=w}| for each o€8,. Let j(o), r=1, 2,..., k, be the number of cycles of
length 7 in the disjoint cycle decomposition of 6. Then (j,(7), j»(6),..., ji(0)) is
called the type of 0. Of course, Y.k, rj(6)=k. Without confusion on o, we
simply write j,=j(o) for r=1,..., k. The following lemma can easily be shown

by [2, p. 84]:
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LemMa 2.2, Letoe S, beof type (jyi» jz---» ju)- In the disjoint cycle decom-
position of ¢’ €S induced by o, the number of cycles of o', u(ji, jase-er ji), is
then given by

WG g = B 5 (5 + S5 o,

1<r<r’'<k

where (v, v') denotes the greatest common divisor of r and r', and [ -] denotes the

Gauss notation. Furthermore, among those cycles, {r<]2’)+L r;l ]j,+5,j2,}

cycles have length r, 1<r<k), and (r,r)jj. cycles have length [r,r'],
(1<r<r' <k), where 6,=1 for 1<r<[k/2] and 6,=0 for [k[2]<r<k, and
[r, r'] denotes the least common multiple.

LEMMA 2.3. Let 0 €S, be of type (jy, jos---» ji)- Then
e Q; @’=w}| = FUi20000), 2.1

ProoF. Suppose w is fixed by o, ie., @ =w. Then w,(,,)=w,, for all
pge X®. Thus the elements of @ must be constant on each cycle of o’
Conversely, every vector whose elements are constant on each cycle of ¢’ is
fixed by . Since the number of cycles of ¢’ in the disjoint cycle decomposition
is u(jy, ja,---, ji) of Lemma 2.2, the number of vectors of Q@ which are fixed by
o is [#Usi2--ix) Hence we have (2.1).

It is well-known that the number of permutations of Sy of type (j,, j2,-.-s Ji)»
h(j1s j2s---5 Ju), 1S given by

k!

R(j1, Jaseens J3) = — - - 2.2
(o T2 0 = 0752, 1y (R, @2)
From Theorem 2.1 and Lemma 2.3, we have
THEOREM 2.4. The number of the orbits in Q is given by
R = 7(1" 2 h(jl,j2,~-~,jk)l”(jl’jz""’j"), (23)
* e i)

where the summation runs over all possible k-plets of nonnegative integers,
(1> J2oe-os Ji)s satisfying 3k, rj,=k.

In Table 1, the values of R are given for =2, 3, 4 and for values of k (3<
k<6). Asmentioned earlier, for /=2, the number of R is the same as the number
of nonisomorphic simple graphs with k points, which has been given for 1<k <9
in Table A1 of [2].

However, it is, in general, difficult to find a representative of each orbit of S,.
We need to consider a range as narrow as possible in which we can find a
representative. Suppose A{w) is the number of elements @, in @ € Q2 such that
w,,=tfort=0,1,...,1-1. Denote
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Table 1
k
) 3 4 5 6
2 4 11 34 156
3 10 66 792 25506
4 20 276 10688 1601952

Qioapi, = 10 € Q; A(@)=4, t=0,1,...,1-1},
where 1,’s are nonnegative integers satisfying > =% l,=< ]2€ ) If (Agy Agseees A yq)
#(Aos Ayser., Aj—q), then for any weQ; ;,.;,_, and @€ Q0. ,, @ is not
equivalent to @ under S;. This means that Q, ,..,,_, is given as the union
of some orbits in (1.1). For any g€ S,, if @€, ..;,_,, then @€, ; .,
by which ¢ is also acting on Q; ;. ..;, _,.

Consider o € S, of type (j;, ja,..., ji) and let zy, z,,..., z, be the list of cycles
in the disjoint cycle decomposition of ¢’ € S{?’, which is induced by o, where
u=u(ji, jas---» ji)- Further suppose p(jis..- ji; Ags---» 41—1) 15 the number of
maps ¥ from {z,, z,,..., z,} to {0, 1,..., I -1} satisfying

A= > L), t=0,1,.,1-1, 2.9
zey ~ (1)
where L(z) is the length of cycle z and Y~ t)={z|¥(z)=t}. The following
theorem is established:

THEOREM 2.5. The number of orbits in Q, ..., , is given by

1 . . . .
Ryotio =37 ) > . B(jisees JOP(F1seens s Aoseens A—1) - (2.5)
k! Gitsensd i)

Proor. Let €S, be a permutation of type.(j;, j,,...,Ji) and consider a
vector @ of Q, , .., .. As seen in the proof of Lemma 2.3, @ is fixed by o if
and only if the elements of @ are constant on each cycle in the disjoint cycle
decomposition of ¢’. Thus it follows that @ is fixed by ¢ if and only if A,=1(w),
t=0, 1,..., I—1, satisfies (2.4). Therefore

Hwe Q0 s @ =@} = p(jiseees jis Aoseees H—1)

holds. Hence from Theorem 2.1 we have (2.5).
Clearly, if {Ag,..., 41— 1} ={40,---» Aj—1} as sets of | elements, then

P(jp---,jk; )‘0’-"5 ;Ll-—l) = p(j1’~'>.jk; %r--; }';—1)'
Therefore we have

COROLLARY 2.6. Let Agy,..., A4, and 2g,..., A;_; be nonnegative integers
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satisfying S12d 2= Y 1zh Al =( x ) If Ggyres Ay 1Y = {Abseres Ay}, then

Denote the number of distinct L(z,)’s by d. Let a,, a,,..., a, be the list of
distinct values of L(z,), L(z;),..., I(z,), and let f; be the number of z,’s satisfying
L(z)=a; i=1,2,..,d. Then clearly, >&,fi=u(ji,....J») and X%, fia;=

bt L(zq)=< g ) We denote by I the set of all possible d-plets (v, r5,..., ¥4)

of vectors r;=(r¢, rl,..., ri~1), where ri’s are nonnegative integers satisfying the
following equations:

-1 '

Tri=f i=12..4 ~ 2.6)
d

Tari=A t=01..,1-2

The following theorem can easily be shown:

THEOREM 2.7. The number p(j(,..., ji; Ags---» Ai—1) is explicitly written as

d il

I1

i=1 r?'r}'rﬁ‘l'

~

(f T'#¢)

PUtseeos Jis Aoseees limy) = @7

(=]

(f I'=9),

where Y. denotes the summation over all (¢, r,,..., ;) belonging to I.
I

3. Weighted graphs for /=3 and k=4

We consider the case of k=4. By using Lemma 2.2 and (2.2) we obtain
the following table:

[BG s id | =G s j) | Uz, L(20))

S~
oy
~
Y
~.
w
~.
~

4 0 0 0 1 6 O1L,L, LD
2 1 0 0 6 4 a,1,2,2)

1 0 1 0 8 2 3, 3)

0 0 0 1 6 2 @ 9

0 2 0 0 3 4 1,1,2,2)

By (2.3), R is 11 and 66 in the respective cases of I=2 and 3. These results are
seen in Table 1. Consider, for example, (j;, j», j3, jo)=(2, 1, 0, 0) or (0, 2, 0, 0).
Then (L(z,), L(z,), L(z3), L(z4))=(1, 1, 2, 2). This gives d=2, a,=1, a,=2 and
fi=f=2

Suppose [=3. From (2.7) we have p(2, 1,0, 0; 2, 2, 2)=p(0, 2,0, 0; 2, 2, 2)
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=6 fOI’ ).0=).1=}.2=2,

(0,0, 2), (1, 1, O)}.

¥y
z, -0
z, =0
z3— 1
Zy—2

since

r={(2,0,0),©,1, 1)), (0, 2,0, (1,0, 1)),

Certainly, there are six i maps given as follows:

¥,
z; -0
z, =0
z3— 2
z,—1

¥s3
zy -1
z, > 1
z3 >0

Zyg o2

Vs
z; > 1
2z, -1
z3—>2
2, =0

s
z, 2
Zy =2
z3—0
z4— 1

Vs
z, o2
Zy > 2
z3—1
z,—0

Obviously, p(4, 0, 0, 0; 2, 2, 2)=90. For the remaining cases, p(ji,..., j4; 2, 2, 2)
=0, since L(z,)>2 and I'=¢. Therefore, from Theorem 2.5 we have R, , ,=
(1-90+6-6+3-6)/4!=6. Similarly Rgo0=Rs;0=1, Rys0=R4;1:1=2, R3;30
=3 and R;,;=4. Note that R, ; ,,=Ry ;i if {de A, A2} ={dg, 41, 45},
as stated in Corollary 2.6.

Table 2

—
%)
—_
w
—_
~

[
w

24

w
=

—_
[y
—
w

14 23 24

A9 )
B

@

13 14 23 24 34

[=NeNoleNeNololeBoNeE-N-No RN X-Ne N NN
COOCOLCOO0OO0OOOTOOOOOOCOOOO
MO L NOMNMNFROR,RL,ONODR,ROROOOD

QN ONRPNOMRMRMOFRNONO=ROOOO

M OCO=m, P OOBMNNOMRFRONO~=ORROOQ
NN=NERR,NRENNRERRONONO=RN=O

COOCOOCOOOOCO OO OOQOCOoOQCO OO
= NENONODOO~OO~, OO0 COoOR,ROO
=k NN NN = NN RN =R RN =N

= = NN R NN R NN R R NN =N R =N

= k= NN RN R NN =N NN RN e O
N = O NONNNOR,NONFERO=MMBMmO =N

NHHHHHHHHHHOOOOOOOOOOO;

[ IS S R L O R S R R N R =2 \° I S ]

DR DN NN =N == =N RN === N N -

DN NN NN = RN N RN =R = —=N
RN = NN =N RN NNDNNNN = == -
NN E RN =N SN NN NN =R e -

In Table 2, 66 representatives of Q for I=3 and k=4 are listed. For sim-
plicity, the element w,, of @ € Q is written by pq in the first row of Table 2.
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