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INVARIANTS OF LINKS OF CONWAY TYPE 

1. Introduction 

By Jozef H. PRZYTYCKI and Pawel TRACZYK 
(Received April 8, 1985) 

The purpose of this paper is to present a certain combinatorial method of 
constructing invariants of isotopy classes of oriented tame links. This arises 
as a generalization of the known polynomial invariants of Conway and Jones. 
These invariants have one striking common feature. If L+, L_ and L0 are dia­
grams of oriented links which are identical, except near one crossing point, where 
they look like in Fig. 1.1, then wL+ is uniquely determined by wL_ and wL

0
, and 

also wL_ is uniquely determined by wL+ and wLo· Here w denotes the considered 
invariants (we will often take the liberty of speaking about the value of an invariant 
for a specific link or diagram of a link rather than for an isotopy class of links). 
In the above context, we agree to write L~, L~ and Lg if we need the crossing 
point to be explicitly specified. 

Fig. 1. 1 

In this paper we will consider the following general situation. Assume we 
are given an algebra d with a countable number of 0-argument operations 
a 1 , a2, ••• , am··· and two 2-argument operations I and *· We would like to 
construct invariants satisfying the conditions 

wT n = an for Tn being a trivial link of n components. 

We say that (d, a 1 , a2, ... , I,*) is a Conway algebra if the following con­
ditions are satisfied: 
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1.1 

1.2 

1.3 

1.4 

1.5 

1.6 

1.7 
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(alb)l(cld)=(alc)l(.bld)) .. 
transpos1t10n 

(a I b)•(c Id)= (a•c) I (b•d) 
properties 

(a•b)•(c•d) = (a•c)•(b•d) 

(alb)•b=a 

(a•b)I b = a. 

We will prove the following theorem: 

THEOREM 1.8. For a given Conway algebra d there exists a uniquely 
determined invariant w which attaches an element wL from d to every isotopy 
class of oriented links and satisfies the conditions 

(1) wTn=a. initial conditions 

(2) WL = WL_ I WL } . 
(3) 

+ ° Conway relatzons 
WL_ = WL+ *WL0 

It will be proved in §2. 
Let us write here a few words about the geometrical meaning of the axioms 

1.1-1.7 of Conway algebra. Relations 1.1 and 1.2 are introduced to reflect the 
following geometrical relations between the diagrams of trivial links of n and n + 1 
components: 

00···0 ---­n - I times 

00···0 ---­n-I times 
Fig. 1. 2 

0 
0 

00···0 -.....----
n-I times 
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Relations 1.3, 1.4 and 1.5 arise when considering rearranging a link at 
two crossings of the diagram but in different order. It will become clear in §2. 
Relations 1.6 and 1.7 reflect the fact that we need the operations I and * to be 
in some sense opposite one to another. 

EXAMPLE 1.9 (Number of components). Set d=N- the set of natural 
numbers; a;=i and ilj=i•j=i. This algebra yields the number of components 
of a link. 

EXAMPLE 1.10. Set d={O, 1, 2}; the operation* is equal to landOJO=l, 
l I 0=0, 2 I 0=2, OJ 1 =0, 111 =2, 2 I 1 = 1, 012=2, 112= 1, 2 I 2=0. Furthermore 
a;= i mod 3. The invariant defined by this algebra distinguishes, for example, 
the trefoil knot from the trivial knot. 

EXAMPLE 1.11. (a) d=Z[x+ 1, y+1, z]; a1 =1, a2 =x+y+z, ... , a;= 

(x+ y)i-l +z(x+ y)i-2 + ... +z(x+ y)+z=(x + y)i-l +z ((x +_yJi_::"_
1

1
- 1 ) ,... . We 

x+y-
define I and* as follows: w2 I w0 =w 1 and w1•w0 =w2 where 

(b) d=Z[x+ 1 , y+ 1] is obtained from the algebra described in (a) by 
substitution z=0. In particular a;=(x+ y)i-l and 1.12 reduces to: 

1.13 

We describe this algebra for two reasons: 
-first, the invariant of links defined by this algebra is the simplest generali-

zation of the Conway polynomial (substitute x= - ; , y= +. [K-l])anrl the 

1 • l( b • I I -t ) Jones po ynomia su stltutex= t _ 1 , Y = _ 1 [J] ; 
✓ t-~ ✓ t-~ 

✓ t ✓ t 

-second, this invariant behaves well under disjoint and connected sums 
of links: 

where PL(x, y) is a polynomial invariant of links yielded by d. 

EXAMPLE 1.14 (Linking number). Set d = N x Z, a;=(i, 0) and 

{ 

(a, b-1) if 
(a, b) I (c, d) = 

(a, b) if 

a> C 

a~c 
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{ 

(a, b + 1) if a > c 
(a, b)*(c, d) = 

(a, b) if a ,;;;; c. 

The invariant associated to a link is a pair (number of components, linking 
number). 

REMARK 1.15. It may happen that for each pair u, v e d there exists exactly 
one wed such that v I w=u and U*W=v. Then we can introduce a new operation 
o: dxd-d putting uov=w (we have such a situation in Examples 1.10 and 
1.11 but not in 1.9 where 211=2*1=2=213=2*3). Then an=an-1°an-1· If 
the operation ° is well defined we can find an easy formula for invariants of 
connected and disjoint sums of links. We can interpret O as follows: if w 1 is the 
invariant of L+ (Fig. 1.1) and w2 of L_ then w1°w2 is the invariant associated to 
Lo. 

REMARK 1.16. Our invariants often allow us to distinguish between a link 
and its mirror image. If PL(x, y, z) is an invariant of L from Example 1.11 (a) 
and L is the mirror image of L then 

We will call a crossing of the type X positive and a crossing of the type X 
negative. This will be denoted by sgn p= + or - . Let us consider now the 
following example. 

EXAMPLE 1.17. Let L be the figure eight knot represented by the diagram 

Fig. 1. 3 

To determine wL let us consider the following binary tree: 
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/ -------

Fig. 1. 4 

As it is easily seen the leaves of the tree are trivial links and every branching 
reflects a certain operation on the diagram at the marked crossing point. To 
compute wL it is enough to have the following tree: 
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Here the sign indicates the sign of the crossing point at which the operation was 
performed, and the leaf entries are the values of w for the resulting trivial links. 
Now we may conclude that 

Such a binary tree of operations on the diagram resulting in trivial links at the 
leaves will be called the resolving tree of the diagram. 

There exists a standard procedure to obtain such a tree for every diagram. 
It will be described in the next paragraph and it will play an essential role in 
the proof of Theorem 1.8. It should be admitted that the idea is due to Ball 
and Metha [B-M] and we learned this from the Kauffman lecture notes [K-3]. 

2. Proof of the Main Theorem 

DEFINITION 2.1. Let L be an oriented diagram of n components and let 
b=(b1, ... , b.) be base points of L, one point from each component of L, but not 
the crossing points. Then we say that L is untangled with respect to b if the 
following holds: if one travels along L (according to the orientation of L) starting 
from b1 , then, after having returned to b1 - from b2 , ... , finally from b., then 
each crossing which is met for the first time is crossed by a bridge. 

It is easily seen that for every diagram L of an oriented link there exists a 
resolving tree such that the leaf diagrams are untangled (with respect to appro­
priately chosen base points). This is obvious for diagrams with no crossings 
at all, and once it is known for diagrams with less than n crossings we can use the 
following procedure for any diagram with n crossings: choose base points arbi­
trarily and start walking along the diagram until the first "bad" crossing p is met, 
i.e. the first crossing which is crossed by a tunnel when first met. Then begin 
to construct the tree changing the diagram in this point. If, for example, sgn p = + 
we get 

V! .. LS 

Then we can apply the inductive hypothesis to LS and we can continue the 
procedure with U. (walking further along the diagram and looking for the next 
bad point). 

To prove Theorem 1.8 we will construct the function was defined on diagrams. 
In order to show that w is an invariant of isotopy classes of oriented links we will 
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verify that w is preserved by the Reidemeister moves. 
W use induction on the number cr(L) of crossing points in the diagram. 

For each k;;;,O we define a function wk assigning an element of d to each diagram 
of an oriented link with no more than k crossings. Then w will be defined for 
every diagram by wL = wiL) where k;;;, cr(L). Of course the functions wk must 
satisfy certain coherence conditions for this to work. Finally we will obtain the 
required properties of w from the properties of w/s. 

We begin from the definition of w0 . For a diagram L of n components with 
cr(L)=O we put 

2.2 

To define wk+ 1 and prove its properties we will use the induction several times. 
To avoid misunderstandings the following will be called the "Main Inductive 
Hypothesis": M.I.H. We assume that we have already defined a function wk 
attaching an element of d to each diagram L for which cr(L)¾ k. We assume 
that wk has the following properties: 

2.3 

for Un being an untangled diagram of n components (with respect to some choice 
of base points). 

2.4 

2.5 

wiL+) = wiL_) I wk(L0 ) 

wiL_) = wk(L+)*wiL0 ) 

for L+, L_ and L 0 being related as usually. 

2.6 

where R is a Reidemeister move on L such that cr(R(L)) is still at most k. 
Then, as the reader may expect, we want to make the Main Inductive Step 

to obtain the existence of a function wk+ 1 with analogous properties defined on 
diagrams with at most k + 1 crossings. 

Before dealing with the task of making the M.I.S. let us explain that it will 
really end the proof of the theorem. It is clear that the function wk satisfying 
M.I.H. is uniquely determined by properties 2.3, 2.4, 2.5 and the fact that for 
every diagram there exists a resolving tree with untangled leaf diagrams. Thus 
the compatibility of the functions wk is obvious and they define a function w 
defined on diagrams. 

The function w satisfies conditions (2) and (3) of the theorem because the 
functions wk satisfy such conditions. 

If R is a Reidemeister move on a diagram L, then cr(R(L)) equals at most 
k=cr(L)+2, whence 
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wR(Ll = wiR(L)), wL = wiL) and by the properties of wk, wiL) = wk(R(L)) 
what implies wR<L>=wL. It follows that w is an invariant of the isotopy class 
of oriented links. 

Now it is clear that w has the required property (1) too, since there is an 
untangled diagram Un in the same isotopy class as Tn and we have wiUn)=an-

The rest of this section will be occupied by the M.I.S. For a given diagram 
D with cr(D) ,s;; k + I we will denote by !!fl the set of all diagrams which are obtained 

fromDbyoperationsofthekind X - X or X - X· Of course, 

once base points b=(b1, ... , bn) are chosen on D, then the same points can be 
chosen as base points for any LE !!fl, provided L is botained from D by the 
operations of the first type only. 

Let us define a function wb, for a given D and b, assigning an element of d 

to each LE !!fl. If cr(L) < k + 1 we put 

2.7 

If Un is an untangled diagram with respect to b we put 

2.8 

(n denotes the number of components). 
Now we proceed by induction on the number b(L) of bad crossings in L (in the 
symbol b(L) b works simultaneously for "bad" and for b = (b 1 , ... , bn). For a 
different choice of base points b' =(b~, ... , b~) we will write b'(L)). Assume that 
wb is defined for all LE !!fl such that b(L) < t. Then for L, b(L) = t, let p be the 
first bad crossing of L (starting from b1 and walking along the diagram). Depend­
ing on p being positive or negative we have L=Lt or L=Ll'_. We put 

2.9 

We will show that wb is in fact independent of the choice of b and that it has the 
properties required from wk+l· 

Conway Relations for w b 

Let us begin with the proof that wb has properties 2.4 and 2.5. We will denote 
by p the considered crossing point. We restrict our attention to the case: b(Lt) > 
b(Ll'_). The opposite situation is quite analogous. 

Now, we use induction on b(Ll'_). If b(E) = 0, then b(Lt) = 1, p is the only 
bad point of Lt and by the defining equalities 2.9 we have 
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and using 1.6 we obtain 

Assume now that the formulae 2.4 and 2.5 for wb are satisfied for every diagram 
L such that b(E.) < t, t;;;,, 1. Let us consider the case b(E.) = t. 

By the assumption b(Ln;;;,, 2. Let q be the first bad point on L~. Assume 
that q = p. Then by 2.9 we have 

Assume then q # p. Let sgn q = +, for example. Then by 2.9 we have 

wiLn = wiL~t) = wiL~i) I wiL~/D 

But b(Ei) < t and cr(L~g.,;; k, whence by the inductive hypothesis and M.I.H. 
we have 

and 

whence 

and by the transposition property 1.3 

2.10 

On the other hand b(E.i) < t and cr(LS).,;; k, so using once more the inductive 
hypothesis and M.I.H. we obtain 

2.11 
wiE) = wiEt) = wb(E.i) I wiEZ) 

wb(LS) = wb(LSt) = wb(LSi) I wiLSZ) 

Putting 2.10 and 2.11 together we obtain 

as required. If sgn q = - we use 1.4 instead of 1.3. This completes the proof 
of Conway Relations for wb. 

Changing Base Points 
We will show now that wb does not depend on the choice of b, provided the 

order of components is not changed. It amounts to the verification that we may 
replace bi by b1 taken from the same component in such a way that b1 lies after 
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b; and there is exactly one crossing point, say p, between b; and b;. Let 
b' =(b1, ... , b;, ... , bn). We want to show that wb(L)=wb,(L) for every diagram 
with k+ 1 crossings belonging to ~- We will only consider the case sgn 
p = + ; the case sgn p = - is quite analogous. 

We use induction on B(L)=max (b(L), b'(L)). We consider three cases. 

CBP 1. Assume B(L) =0. Then Lis untangled with respect to both choices 
of base points and by 2.8 

CBP 2. Assume that B(L) = 1 and b(L) #- b'(L). This is possible only when 
p is a self-crossing point of the i-th component of L. There are two subcases 
to be considered. 

CBP 2 (a): b(L)= 1 and b'(L)=O. Then Lis untangled with respect to b' 
and by 2.8 

wb,(L) = a,, 

wb(L) = wiLn = wiL~) I wiLg) 

Again we have restricted our attention to the case sgn p= +. Now, wlL~) 
=an since b(L~)=O, and Lg is untangled with respect to a proper choice of base 
points. Of course Lg has n + 1 components, so wb(Lg)=an+ 1 by 2.8. It follows 
that wb(L)=anlan+l and anlan+1=an by 1.1. 

CBP 2 (b): b(L)=O and b'(L)= 1. This case can be dealt with like CBP 2 (a). 

CBP 3. B(L)=t>l or B(L)=l=b(L)=b'(L). We assume by induction 
wiK)=wb,(K) for B(K)<B(L). Let q be a crossing point which is bad with 
respect to b and b' as well. We will consider this time the case sgn q = - . The 
case sgn q = + is analogous. 

Using the already proven Conway relations for wb and wb' we obtain 

wiL) = wb(L'!) = wb(L+)*wb(L/l) 

Wb,(L) = Wb,(L'!) = Wb,(L+)*Wb,(L:D 

But B(L+)<B(L) and cr(Lg),i;;;;,_k, whence by the inductive hypothesis and M.I.H. 
hold 

wiL+) = wb,(L!) 

wiLi) = wb,(L3) 

which imply wb(L) = wb,(L). This completes the proof of this step (C.B.P.). 
Since wb turned out to be independent of base point changes which preserve 
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the order of components we can now consider a function w0 to be defined in such 
a way that it attaches an element of d to every diagram L, cr(L)~ k+ 1 with a 
fixed ordering of components. 

Independence of w0 of Reidemeister Moves (1.R.M.) 
When L is a diagram with a fixed order of components and R is a Reidemeister 

move on L, then we have a natural ordering of components on R(L). We will 
show now that w0(L)=w0(R(L)). Of course we assume that cr(L), cr(R(L))~ 
k+l. 

We use induction on b(L) with respect to properly chosen base points b= 
(b1, ... , bn). Of course the choice must be compatible with the given ordering 
of components. We choose the base points to lie outside the part of the diagram 
involved in the considered Reidemeister move R, so that the same points may 
work for the diagram R(L) as well. We have to consider the three standard 
types of Reidemeister moves (Fig. 2.1). 

b- I 
\ ~7- /-\➔'-i JJ--<=) or -A- , 

r I 
L--+R(L) L--+R(L) L--+R(L) L--+R(L) 

I 2 3 
Fig. 2. 1 

Assume that b(L)=O. Then it is easily seen that also b(R(L))=O, and the 
number of components is not changed. Thus 

We assume now by induction that w0(L) = w0(R(L)) for b(L) < t. Let us 
consider the case b(L) = t. Assume that there is a bad crossing p in L which is 
different from all the crossings involved in the considered Reidemeister move. 
Assume, for example, that sgn p= +. Then, by the inductive hypothesis, we 
have 

2.12 

and by M.I.H. 

2.13 

Now, by the Conway relation 2.4, which was already verified for w0 we have 
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whence by 2.12 and 2.13 

w0(L) = w0(R(L)) 

Obviously R(E)=R(L)I!. and R(LS)=R(L)g. 
It remains to consider the case when L has no bad points, except those involved 

in the considered Reidemeister move. We will consider the three types of moves 
separately. The most complicated is the case of a Riedemeister move of the third 
type. To deal with it let us formulate the following observation: 

Whatever the choice of base points is, the crossing point of the top arc and 
the bottom arc cannot be the only bad point of the diagram. 

\ 

~-p 

Fig. 2. 2 

The proof of the above observation amounts to an easy case by case checking and 
we omit it. The observation makes possible the following induction: we can 
assume that we have a bad point at the crossing between the middle arc and the 
lower or the upper arc. Let us consider for example the first possibility; thus p 

from Fig. 2.2 is assumed to be a bad point. We consider two subcases, according 
to sgnp being+ or-. 

Assume sgn p = +. Then by Conway relations 

But R(L)I!.=R(E) and by the inductive hypothesis 

Also R(L)g is obtained from Lg by two subsequent Reidemeister moves of type 
two (see Fig. 2.3), whence by M.I.H. 

and the equality 
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w0(L) = w0(R(L)) follows. 

> 
\J 
Y\ \ 

Fig. 2. 3 

Assume now that sgn p = - . Then by Conway relations 

But R(L)t =R(Ln and by the inductive hypothesis 

w0(Ln = w0(R(Ln) 

127 

Now, Lg and R(L)g are essentially the same diagrams (see Fig. 2.4), whence w0(Lg) 
= w0(R(L)g) and the equality 

Fig. 2.4 

Reidemeister moves of the first type. The base points can always be chosen 
so that the crossing point involved in the move is good. 
Reidemeister moves of the second type. There is only one case, when we cannot 
choose base points to guarantee the points involved in the move to be good. It 
happens when the involved arcs are parts of different components and the lower arc 
is a part of the earlier component. In this case the both crossing points involved 
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are bad and they are of different signs, of course. Let us consider the situation 
shown in Fig. 2.5. 

1-S~c~_tL= 
q q 

L 
R(L) = R'(L') 

Fig. 2. 5 
L' 

We want to show that w0(R(L)) = w0(L). But by the inductive hypothesis we have 

Using the already proven Conway relations, formulae 1.6 and 1.7 and M.I.H. 

if necessary, it can be proved that w0(L) = w0(L'). Let us discuss in detail the: 
case involving M.I.H. It occurs when sgn p= - . Then we have 

But L'!__!=I; and by M.I.H. w0(L'!__S)=w0(L0) (see Fig. 2.6, where L'!__IJ and L0 
are both obtained from K by a Reidemeister move of the first type). 

~ 

Thus by 1.7: 

Q_ 
Lqp 

-0 

Fig. 2. 6 

K 

The case: sgn p= + is even simpler and we omit it. This completes the proof 

of the independence of w0 of Reidemeister moves. To complete the Main 

Inductive Step it is enough to prove the independence of w0 of the order 
of components. Then we set wk= w0 . The required properties have been already 

checked. 
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Independence of the Order of Components (I.O.C.) 
It is enough to verify that for a given diagram L ( cr(L),;;;; k + 1) and fixed 

base points b=(bi,···, b;, b;+ 1, ... , bn) we have 

where b' =(b1 , ... , b;+ 1 , b;,- .. , bn). This is easily reduced by the usual induction 
on b(L) to the case of an untangled diagram. To deal with this case we will 

choose bin an appropriate way. 
Before we do it, let us formulate the following observation: If L; is a trivial 

c9mponent of L, i.e. L; has no crossing points, neither with itself, nor with other 

components, then the specific position of L; in the plane has no effect on w0(L); 

in particular we may assume that L; lies separately from the rest of the diagram: 

Fig. 2. 7 

This can be easily achieved by induction on b(L), or better by saying that it is 

obvious. 
For an untangled diagram we will be done if we show that it can be trans­

formed into another one with less crossings by a series of Reidemeister moves 

which do not increase the crossing number. We can then use I.R.M. and M.I.H. 

This is guaranteed by the following lemma. 

LEMMA 2.14. Let L be a diagram with k crossings and a given ordering 

of components L1, L2, ... , Ln- Then either Lhasa trivial circle as a component 

or there is a choice of base points b=(b1, ... , bn); b;EL; such that an untangled 

diagram L" associated with Land b (that is all the bad crossings of Lare changed 

to good ones) can be changed into a diagram with less than k crossings by a 

sequence of Reidemeister moves not increasing the number of crossings. 

This was probably known to Reidemeister already, however we prove it in the 

Appendix for the sake of completeness. 
With 1.0.C. proven we have completed M.I.S. and the proof of Theorem 1.8. 

3. Quasi-algebras 

We shall now describe a certain generalization of Theorem 1.8. This 1s 
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based on the observation that it was not necessary to have the operations I and * 
defined on the whole product d x d. Let us begin with the following definition. 

DEFINITION 3.0. A quasi Conway algebra is a triple (d, B1, B2), B1, B2 

being subsets of dxd, together with O-argument operations a 1 , a2, ... , am··· 

and two 2-argument operations I and* defined on B1 and B2 respectively, satisfying 
the conditions: 

3.1 anlan+l = an 

3.2 an*an+ 1 = an 

3.3 (alb)l(cld) = (alc)l(bld) 
whenever the both 

3.4 (a I b)*(c Id)= (a*c) I (b*d) 
sides are defined 

3.5 (a*b)*(c*d) = (a*C)*(b*d) 

3.6 (alb)*b=a 

3.7 (a*b)I b = a 

We would like to construct invariants of Conway type using such quasi­
algebras. As before an will be the value of the invariant for the trivial link of n 

components. 
We say that d is geometrically sufficient if and only if for every resolving 

tree of each diagram of an oriented link all the operations that are necessary to 
compute the root value are defined. 

THEOREM 3.8. Let d be a geometrically sufficient quasi Conway algebra. 

There exists a unique invariant w attaching to each isotopy class of l.inks an 

element of d and satisfying the conditions 

(1) wT"=anfor Tn being a trivial link of n components, 
(2) if L+, L_ and L 0 are the diagrams from Fig. 1.1, then 

The proof is identical with the proof of Theorem 1.8. 
As an example we will now describe an invariant, whose values are poly­

nomials in an infinite number of variables. 

EXAMPLE 3.9. d=N x Z[yl 1, x;=FJ, z;, xl 1, z1, xf 1, z2, xf1, z3, ... ], B1 = 
B2 =B={((n 1, w1), (n 2 , w2))Edxd: ln 1-n2 l=l}, a 1=(1, 1), a 2 =(2, x 1+ 

Y1 + Z1), ... , a,,= (n, ni~l (x;+ Y;) +z1 nr~i (x; + Y;) + ... + Zn-2 (xn-1 + Yn-1) + 

zn_ 1), ... where Y;=X; LL. To define the operations I and * consider the 
X1 
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following system of equations: 

(1) X1W1 + Y1W2 = Wo - Z1 

(2) X2W1 + Y2W2 = Wo - Z2 

(2') x;w1 + y;w2 = w0 - z; 

(3) X3W1 + y3W2 = Wo - Z3 

(3') X3W1 + y3W2 = Wo - Z3 

i) xiw1 + YiW2 = Wo - zi 

(i') x;w1 + Y1W2 = Wo - Z1 

x'y x'x where y'. = __ i~1 x'. = ~ 2~ 1 and z1 are defined inductively to satisfy 
' X1 ' I Xi-1 

We define (n, w)=(n1, w1) I (n2, w2) (resp. (n, w)=(n 1 , w1)*(n2, w2)) as follows: 
n=n1 and ifn1 =n2 -1 then we use the equation (n) to get w; namely xnw+ ynw 1 = 
w2-zn (resp. xnw1+ynw=w2-zn). If n1=n2+1 then we use the equation (n') 

to get w; namely x:w+ y~w1 =w2 -z: (resp. x:w1 + y~w=w2-z~). We can 
think of EX1mple 1.11 as being a special case of Example 3.9. 

Now we will show that the quasi-algebra ..9i' from Example 3.9 satisfies 
the relations 1.1-1.7, 

It is an easy task to check that the first coordinate of elements from ..9i' satisfies 
the relations 1.1-1.7 (compare with Example 1.9) and to check the relations 1.1, 
1.2, 1.6 and 1.7 so we will concentrate our attention on relations 1.3, 1.4 and 1.5. 

It is convenient to use the following notation: if wE..91' then w=(lwl, F) 
and for 

to use the notation 

F=(F1lnF2 if n=\w1\=lw2l-1 

F 1 In· F2 if n = lw1I = lw2I + 1. 

Similar notation we use for the operation *· 
In order to verify relations 1.3-1.5 we have to consider three main cases: 
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1. lal = lcl - 1 = lbl + 1 = n. 
Relations 1.3-1.5 make sense iff ldl =n. The relation 1.3 has the form: 

(Fa In' Fb) In (Fe l(n+ 1)' Fd) = (Fa In Fe) In' (Fb ln-1 Fd) 

From this we get: 

Therefore: 

( i ) 

(ii) 

(iii) 

(iv) 

b_ = Yn-1 

Xn Xn-1 

When checking the relations 1.4 and 1.5 we get exactly the same conditions (i)-(iv). 
2. lal = lbl - 1 = lcl - 1 = n. 

(I) ldl = n. 
The relation 1.3 has the following form: 

(Fa lnFb) ln(Fe l(n+l)'Fd) = (Fa lnFe)ln(Fb l(n+l)'Fd) • 

We get after some calculations that it is equivalent to 

(v) 

The relations 1.4 and 1.5 reduce to the same condition (v). 
(II) ldl = n + 2. 

Then the relations 1.3-1.5 reduce to the condition (iii). 
3. lal = lbl + 1 = lei + 1 = n 

(I) ldl=n-2 
(II) ldl = n. 

We get, after some computations, that relations 3 (I) and 3 (II) follow from 
the conditions (iii) and (v). 

Conditions (i)-(v) are equivalent to the conditions on x;, Yi, y; and z; 
described in Example 3.9. Therefore the quasi-algebra d from Example 3.9 
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satisfies the relations 1.1-1.7. Furthermore, if Lis a diagram and p- its crossing, 
then the number of components of Lt; is always equal to the number of components 
of L plus or minus one, so the set B c d x d is sufficient to define the link invariant 
associated with d. 

4. Final remarks and problems 

REMARK 4.1. Each invariant of links can be used to build a better invariant 
which will be called weighted simplex of the invariant. Namely, if w is an 
invariant and L is a link of n components L1, ... , Ln then we consider an n-1 
dimensional simplex ,1n- 1 =(q 1 , ... , q,.). We associate with each face (q;

1
, ••• , q;.) 

of ,1n- 1 the value wL' where L' =L;, U ••• U L;k• 

We say that two weighted simplices are equivalent if there exists a bijection 
of their vertices which preserves weights of faces. Of course, the weighted 
simplex of an invariant of isotopy classes of oriented links is also an invariant of 
isotopy classes of oriented links. 

Before we present some examples, we will introduce an equivalence relation 
~ c (Conway equivalence relation) on isotopy classes of oriented links (2'). 

DEFINITION 4.2. ~ c is the smallest equivalence relation on 2' which satisfies 
the following condition: let L~ (resp. L;) be a diagram of a link L1 (resp. L2) 

with a given crossing p1 (resp. p2) such that p1 and p2 are crossings of the same 
sign and 

(LD~' ~ c(L~)~2 and 

(LDS• ~ c(LDS2 

It is obvious that an invariant given by a quasi Conway algebra is a Conway 
equivalence invariant. 

EXAMPLE 4.3. (a) Two links shown on Fig. 4.1 are Conway equivalent 
but they can be distinguished by weighted simplices of the linking numbers. 

Fig. 4. 1 
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(b) J. Birman has found three-braids (we use the notation of [MJ): 

which closures have the same values of all invariants described in our examples 
and the same signature but which can be distinguished by weighted simplices of 
the linking numbers [BJ. 

As the referee has kindly pointed out the polynomial invariants described 
in 1.11 (a) and 1.11 (b) are equivalent. Namely ifwe denote them by wL and wi" 
respectively, then we have 

wL(x, y, z)= ('1- ~
1
-~~)w~(x, y) + 

1 
z . 

-x-y -x-y 

PROBLEM 4.4. (a) Is the invariant described in Example 3.9 better than 
the polynomial invariant from Example 1.11? 

(b) Find an example of links which have the same polynomial invariant 
of Example 3.9 but which can be distinguished by some invariant given by a 
Conway algebra. 

(c) Do there exist two links L1 and L 2 which are not Conway equivalent 
but which cannot be distinguished using any Conway algebra? 

(d) Birman [BJ described two closed 3-braid knots given by 

which are not distinguished by the invariants described in our examples and 
by the signature. Are they Conway equivalent? (they are not isotopic because 
their incompressible surfaces are different). 

PROBLEM 4.5. Given two Conway equivalent links, do they necessarily have 
the same signature? 

The examples of Birman and Lozano [B; Prop. 1 and 2J have different 
signature but the same polynomial invariant of Example 1.11 (b) (see [BJ). 

PROBLEM 4.6. Let (Vi, V2 ) be a Heegaard splitting of a closed 3-manifold M. 
Is it possible to modify the above approach using projections of links onto the 
Heegaard surface a Vi? 

We have obtained the results of this paper in early December 1984 and we were 
not aware at the time that an important part of our results (the invariant described 
in Example 1.11 (b )) had been got three months before us by four groups of 
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reseaorchers: R. Lickorish and K. Millett, J. Hoste, A. Ocneanu, P. Freyd and 
D. Yetter and that the first two groups used arguments similar to ours. We 
have been informed about this by J. Birman (letter received on January 28, '85 
and by J. Montesinos (letter received on February 11, '85; it included the paper 
by R. Lickorish and K. Millett and also a small joint paper by all above mentioned 
mathematicians). 

5. Appendix 

Here we prove Lemma 2.14. 
A closed part cut out of the plane by arcs of L is called an i-gon if it has i 

vertices (see Fig. 5.1). 

0-gon 1-gon 

Fig. 5. 1 

2-gon 

Every i-gon with i ,s;;; 2 will be called f-gon (f works for few). Now let X be an 
innermostf-gon that is anf-gon which does not contain any other f-gon inside. 

If X is 0-gon we are done because oX is a trivial circle. If X is 1-gon then 
we are done because int X n L=0 so we can perform on L" a Reidemeister move 
which decreases the number of crossings of L" (Fig. 5.2). 

\ 
Fig. 5. 2 

Therefore we assume that X is a 2-gon. Each arc which cuts int X goes from 
one edge to another. Furthermore, no component of L lies fully in X so we 
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can choose base points b=(b1, ... , bn) lying outside X. This has important conse­
quences: if L" is an untangled diagram associated with Land b then each 3-gon 
in X supports a Reidemeister move of the third type (i.e. the situation of the 
Fig. 5.3 is impossible). 

I ___ I 

Fig. 5. 3 

Now we will prove Lemma 2.14 by induction on the number of crossings of 
L contained in the 2-gon X (we denote this number by c). 

If c = 2 then int X n L = 0 and we are done by the previous remark (2-gon X 
can be used to make the Reidemeister move of the second type on L" and to reduce 
the number of crossings in L"). 

Assume that L has c>2 crossings in X and that Lemma 2.14 is proved for 
less than c crossings in X. In order to make the inductive step we need the 
following fact. 

PROPOSITION 5.1. If Xis an innermost 2-gon with int X n L,60 then there is 
a 3-gon LlcX such that LI noX,60, intLl nL=0. 

Before we prove Proposition 5.1 we will show how Lemma 2.14 follows from it. 
We can perform the Reidemeister move of the third type using the 3-gon ,1 

and reduce the number of crossings of L" in X (compare Fig. 5.4). 

Fig. 5. 4 
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Now either X is an innermost f-gon with less than c crossings in X or it contains 
an innermost f-gon with less than c crossings in it. In both cases we can use 
the inductive hypothesis. 

Instead of proving Proposition 5.1 we will show a more general fact, which 
has Proposition 5.1 as a special case. 

PROPOSITION 5.2. Consider a 3-gon Y=(a, b, c) such that each arc which 
cuts it goes from the edge ab to the edge ac without se(f-intersections ( we allow 
Y to be a 2-gon considered as a degenerated 3-gon with be collapsed to a point). 
Furthermore let int Y be cut by some arc. Then there is a 3-gon Ac Y such that 
A nab#0 and int A is not cut by any arc. 

PROOF OF PROPOSITION 5.2: We proceed by induction on the number of 
arcs in int Yn L (each such an arc cuts ab and ac). For one arc it is obvious 
(Fig. 5.5). Assume it is true fork arcs (k;;;.1) and consider (k+ 1)-th arc y. Let 
A0 =(a 1 , b1 , c1) be a 3-gon from the inductive hypothesis with an edge a 1b1 c 

ab (Fig. 5.6). 

C 

Fig. 5. 5 

If y does not cut ,1 0 or it cuts a 1 b 1 we are done (Fig. 5.6). Therefore let us assume 
that y cuts a1c1 (in u1) and b1c1 (in w1). Let y cutab in u and ac in w (Fig. 5.7). 
We have to consider two cases: 

(a) uu 1 n intLl 0 =0 (so ww1 n intA 0 =0); Fig. 5.7. 
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Fig. 5. 6 

Fig. 5. 7 
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Consider the 3-gon ua 1 u 1 . No arc can cut the edge a 1 u 1 so each arc which cuts 
the 3-gon ua 1 u 1 cuts the edges ui:i; and uu~. Furthermore this 3-gon is cut by 
less than k+ 1 arcs so by the inductive hypothesis there is a 3-gon A in ua 1u 1 

with an edge on ua 1 the interior of which is not cut by any arc. Then A satisfies 
the thesis of Proposition 5.2. 

(b) uw 1 nint.1 0 =0 (so wu 1 nint.1 0 =0). In this case we proceed like 
in case (a). 
This completes the proof of Proposition 5.2 and hence the proof of Lemma 2.14. 

[BJ 
[B-M] 

[CJ 
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