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LINKING 2-SPHERES IN THE 4-SPHERE

By Fujitsugu Hosokawa and Shin’ichi Suzuki
(Received August 6, 1986)

In this paper, we shall show that every (piecewise-linear or smooth) link of
two 2-spheres S2 U S? in the 4-sphere S* can be separated by a homotopy which
keeps the components disjoint. This result is a solution to the problem proposed
by Dale Rolfsen at the Canadian Math. Soc. Annual Meeting, June 1983.

Throughout the paper, we work in the piecewise-linear category, consisting
of simplicial complexes and piecewise-linear maps.

1. Definitions and our main theorem

An n-link with ¢ components is an embedding L: Z S#—8"*+2 (or R"*2) of
a disjoint union Z S7 of oriented n-spheres into the orlented (n+2)-sphere S"*2

(or (n+2)-space R"”) In particular, an n-link with one component will be
called an n-knot.

Two n-links L;: }i Sr—S"*2 with ¢ components, j=1, 2, are said to be

i=1
equivalent (or of the same type), iff there exists an orientation preserving homeo-
morphism ¥: S**2-58"*2 such that YyL,=L,. An n-link L: ‘Z‘, Sr>Sn+2 s

called trivial (or unknotted), iff there exists an embedding L: Z Dytl Sni2

of a disjoint union Z D+t of oriented (n41)-disks with L| Z oDrl=L.

Any two trivial n-hnks w1th ¢ components are equivalent, and the equivalence
class will be called the trivial type.

An n-link L: Z S7—S"*2 with ¢>2 components is said to be splittable,

iff there exist mutually disjoint (n-+2)-disks D?*2,..., D®*2 in S"*? such that
L(S®)<°D7*2 for i=1,...,c. Here °X stands for the interior of a manifold X.
A trivial n-link is, of course, splittable.

Examples of non-trivial and/or non-splittable 2-links can be seen in, for
example, Artin [2], van Kampen [16], Andrews-Curtis {1], Kinoshita [9], Epstein
[3], Yanagawa [18], Zeeman [19], etc., see also Suzuki [15]. As an n-link L:

Z St—S8"*2 we refer to the image (L(Z SNe=S"*2)=(K; U --- U K, < S§"*?),

where L(SH=K,; (i=1,...,¢), and we shall use the motion picture method to
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describe the configuration of subspaces of R4 R*U {o0}=S% and we use the
same notation and definitions as Kawauchi-Shibuya-Suzuki [7] and Suzuki [15].
Then we have the following:

1.1. Prorosrrion. (Cf. [7, Th. 2.1 and Cor. 2.16], [15, Th. 2.4 and 2.6]).
Any locally flat 2-link (K, U+ UK_,<=R* can be deformed into a 2-link
(K, U--URK,cR% in the normal form by an ambient isotopy of R*; that is,
(K, U - UKR_cR# is in the following position:

() all maximum-disks of K, U --- UK, are in the hyperplane R3[3],

(2) all minimum-disks of K, U---UR_ are in the hyperplane R3[—3],

(3) all saddle-bands of K, U --- UK, are in the hyperplanes R3[—1] and
R3[1], and

(4) the equatorial cross-sectional 1-link (K, U - U K,) n R3[0]<=R3[0])
is a 1-link with ¢ components; and so the equatorial cross-section (K, n R3[0] <
R3[0]) is a 1-knot (i=1,..., ¢).

The following unknotting criterion of 2-knots was first written down by the
first author of the paper in [6], though its proof of [6, Lemma 2] was incomplete,
latter to be filled in by Scharlemann [13, Main Theorem]. (Refer the reader to
[15, 8107 and [8, §5] for related topics.)

1.2. THeorem. (Hosokawa [6], Scharlemann [13]). Let (K*<R%) be a
locally flat 2-knot in the normal form such that K2<R3[ -3, 3] is the closed
realizing 2-sphere of a sequence 0,—~X"—0,, where 0, and @, are trivial
1-links with p and o« components, respectively, and A" is a 1-knot. Suppose that
A" is obtained from 0, by (u—1)-fusion along bands By,...,B,_, and &, is
obtained from A" by (a—1)-fission along bands B,,..., B,_,; & =h(0,; Bj,...
Bu-—l)s @a=h('%/7 Ela"" Ea—l)' . N

If we can rearrange B,,...,B,_,, By,..., B,_{, if necessary, so that in the
sequence of 1-links

0,— L, = h((pﬂ; B;)—— L, = h(L,; B,)
==Ly =h(L, 5B, ) =A
~—Li=nx;B)—L,= hL,; By)
e Ea—l = h(f‘a~2; Ea—l) = (paw
all 1-links L; (i=1,...,u—1) and L; (j=1,..., a—1) are trivial, then (K><R%)

is trivial.

1.3. DerNITION. (1) Let Py,..., P, be polyhedra (possibly not connected)
and let P= Zc P; be the disjoint union, and let X be a topological space. Let
i=1
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fo and f; be continuous maps of P into X such that f;(P,),..., f(P,) are mutually
disjoint for both j=0, 1. Then f, and f; will be called link-homotopic, denoted
by fo~,fi, iff there exists a homotopy {n,}.;: P—X such that n,=fo, n,=f1
and the sets n(P,),..., n(P.) are mutually disjoint for each value te I =[0, 1].

This type of homotopy was studied by Milnor [10] for 1-links. We call such
a homotopy {#,},; a link-homotopy between f, and f,.

(2) We suppose that there exist a polyhedron P and two continuous maps
fo and f; of P into X such that f(P)=Q,, fi(P)=0,. If f, and f, is link-
homotopic (by a link-homotopy {#,},.;), we will say that the subspaces Q, and Q,
of X are link-homotopic (by a link-homotopy {n,},.)- In the following, we
do not explain such a polyhedron P and maps f, and f; explicitly, unless there is
danger of confusion.

We can now formulate our main theorem, to fix ideas; but the proof will
require some lemmas before we start it in §3.

1.4. THEOREM. Every 2-link L: S?U S2-S* (or R*) is link-homotopic
to a trivial 2-link.

From our definitions, as an immediate consequence of this theorem, we have
the result stated in the Introduction to this paper.

We would like to thank Professor Dale Rolfsen for useful informations
on this subject.

2. Some technical lemmas

2.1. LemMa (Goldsmith [5]). Let Dy, Dy,...,D,, D§, Di,...,D; be
mutually disjoint disks on the hyperplane R? in the 3-space R?, which are oriented
coherently with that of R?,and let0D;=0,;(i=0, 1,..., n),0D;=0'(j=0, 1,..., 4),
0=0,U0;U---U0,, 0'=0,U007U--UO0;.

Let By,..., B, Bi,..., B} be mutually disjoint oriented bands in R3 such that
each band B; spans O; and O, (i=1,..., u) and each bands B/ spans O'; and
05 (j=1,..., 4); that is, h(0; B,..., B,) and h(¢'; B},..., B}) are 1-knots (see
[7, Def. 1.1]). Let B},..., B¥, B{*,..., Bj* be mutually disjoint oriented bands in
R? such that Bf¥ spans O; and O, with B¥*n0;=B;n0; B¥*n0,=B;n0,
(i=1,..., w), and B}* spans O; and Oy with Bi* n0;=B;n0’;, B*n0,=B;n 0,
(J=1,..., 4).

Then, there exists a link-homotopy {n,}.; between the polyhedra (0 U B,
U--UBJU(@'UBLU---UB)) and (GUBFU---UB¥U(O' UB*U--UBj*) in
R3 such that

(i) n{OoU 0p)=0,U O for any tel, and so n,(0,)=0;, n,(B)=B¥ (i=

1., @), 11(0%) =0, 1y(B))=B* (j=1,..., ) and
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(it) 140 Nn0)=10 (i#k) and n(05) Nn(0)=g (j#h) for any tel.

Proof. This lemma is eassentially the same as Lemma 2.3 of Goldsmith [5].
In fact, the [-link h(p; B,,..., B,)U h(¢"; By,..., B}) is & ribbon 1-link with 2
components. It should be noted that if (B, U---UB,UB{U--UB)N(DyU
°DyU+U°D,U°DyU°DiU -~ U°Dy)=@, then (DoUD,U---UD,UB U--UB,
UDoUD{U---UD,UB{U---UBj) is ambient isotopic to (DoUD,U U
D,UBYU---UB)U(DouDjU---UD;UB*U---UB¥*) in R3 keeping DyU D}
fixed, and so the lemma follows.

(Step 1). We may assume that the bands By,..., B,, Bj,..., B} are sufficiently
narrow, and so we may suppose, after a (small) ambient isotopy, that the projection
of (0UB;U--UB)U(0 UB{U---UBj) onto R? is regular in the sense of
knot theory; that is, the singularities may be indicated diagrammatically in the
usual ways over/under crossings as shown in Figure 1.

ByorB Qo0

Figure 1

We deform B, link-homotopically by changing some crossings of B, with @
so that the new B, lies under @, see Figure 2(a); and we still denote the new band
by B;. Inductively, we deform B; link-homotopically by changing some crossings
of B; with ¢U B U ---U B;_; so that the new B; lies under ¢ U B, U ---U B;_,,
see Figure 2(a) and (b); and we still denote the new band by B; (i=2,..., u).

(b)
Figure 2

By the same way as that of B;, we deform Bj link-homotopically by changing
some crossings of B{ with ¢’ so that the new B] lies under ¢'; and we still
denote it by Bj. Inductively, we deform B/ link-homotopically by changing some
crossings of B} with ¢’y B U ---U B_; so that the new B} lies under ¢'U B;
U---UBj_ (j=2,..., 1); and we still denote the new band by B’
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It will be noticed that (B, U---UB,)n(°DoU°DyU---U°D,)=0, (B{U---U
B)n(CDyu°Diu - U°Dy)=9.

(Step 2). In this step, we will remove the interseciions (B;U---U B,)n
(DoUuDjU---uUD)) and (ByU---UB)N(DeUD,U--UD,). We assume that
B,n(DjuDiU---UD)#D. We give a direction on B; from O; to O, and let
b,, b,,..., b,, be the segments of B,n(DyU D{U---UDj}) ordered according
to the direction, and we may assume that by <B;nD};. We deform D;U B; in
the regular neighborhood N(D; U B; U D)) isotopically so that B,U (DoU Dj U -+ U
D))=b, U --- U b, as shown in Figure 3, where B, is a subband of B, cut off by b,.
Since (B, U--U B, Nn°D;=@, we see that (B;U--UB,)N(DyU°DyU---U°D,)
=(). On the other hand, some new intersections occur in (Bj U ---U B}) n°D’,
but these new intersections can be removed by applying the same deformations
as that of (Step 1).

Figure 3

By the repetition of the procedure, we have a link-homotopy of (0 U B, U --- U
Byu(®’UBjU---UB)) so that (B;U---UB)N(DU D, U---U°D,UDyuU
Diy---UD)=@, (BiUu---UB)NCD,U°DyU---U°D)=0. Now it is easy
to check that (0 U B, U---UB,)U(0'UBjU---UBj) is ambient isotopic to (¢ U
BfU--UBHU(0'UBTU---UB;) keeping 0,U0, fixed, and we complete
the proof.

2.2. LemMma. Let D, and D} be disjoint oriented disks in the hyperplane
R2 of R3 and let 0,=0D,, 0y=0D;, and let a,...,a, be mutually disjoint
(small) subarcs of Oy and ay,..., ay be mutually disjoint (small) subarcs of 0.
Let by,..., b,, bi,..., by be mutually disjoint simple arcs in R* such that b;n
(Oou 04)=0b;n 0y=08b,=0a; (i=1,...,0) and b;n(0yU Iy)=0b;n0y=0b;=
oa; (j=1,..., B) and let k;=a; U b; and k’;=a; U b’.

Let b¥,..., b¥, b{",..., by" be mutually disjoint simple arcs in R? such that
b¥ n(DyU Dy)=0b*¥ n0y=0b¥=0da; (i=1,.,a) and b;U(DeuDy)=0b7n
O¢=0b7=0a) (j=1,..., p).
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We suppose that

(1) the polyhedron 2 P =(k;U---Uk)U (kiU --Uky) (=1-link with
a+ B components) is link-homotopic to a trivial 1-link, say U @' =(0, U ---u 0,)
U(O;U---UDBj) with a+p components in R, as two components polyhedra
(that is, there exists a link-homotopy {£,},; between P U P =(k;U---Uk)U
(kiU--Ukp) and GU @ =(0,U--U0)UO[U--UO;) such that E(P)n
E(P)=0 for any tel, ¢ (P)=¢(k U Uky)=0=00--U0, and ¢(P)=
E(kiU - Ukp)=8"=0,U U 0p), and

(2) k; is contractible in R3—0¢ (i=1,..., o) and k' is contractible in R3~
Oo (j=1,..., ).

Then, there exists a link-homotopy {#i,},.; between (OgU b, U ---Ub)U
(Oubiu--Uby) and (OoUbFu--UbHUO U U --UbY) in R® such
that (0o U Og)=0,U O for any tel, and so fj;(b)=b¥ (i=1,..., o) and f,(b})=
br(i=1,.... ).

Proof. It is convenient here to drop the tildes and write Dy, Dy, Oy, O,
Oy,..., 0,, 01,..., 0} for Dy, Dy, Oy, O0p, 04,..., 0,, 04,..., 05.  We may assume,
after a (small) ambient isotopy, that the projection of (O U b, U -+ U b ) U (O U
by U --- U by) onto R? is regular in the sense of knot theory; i.e. its only singularities
are double points in the interiors of 1-simplexes of the 1-complex(Oy U b, U --- U b,)
U(OgUu bju - U by). These may be indicated diagrammatically in the usual
way as over/under crossings.

(Step 1). We deform b, link-homotopically by changing some crossings
of b, with O, and itself so that the new b, lies under O, and the new k;=a, U b,
is unknotted in R3; and we still denote the new arc by b,. Inductively, we deform
b; link-homotopically by changing some crossings of b; with OqU b, U ---U b; .,
and itself so that the new b, lies under Oy U b; U --- U b;_, and the new k;=a; U b,
is unknotted (i=2,..., «); and we still denote the new arc by b,.

By the same ways as that of b;, we deform b} (j=1,..., B) inductively by
changing some crossings of b with OgU by U --- U b_; and itself so that the
new b’; lies under Oy U b} U --- U b;_, and the new k;=a’; U b} is unknotted in R3;
and we still denote the new arc by b,

Now it should be noted that

(1) the new polyhedron 2 U &' =(k, U ---U kU (kyU---U k) is also link-
homotopic to a trivial 1-link (O, U --- U O,) U (07U ---U O0p) in R? as two compo-
nents polyhedra,

(2) k;is contractible in R3—0q (i=1,..., o) and k; is contractible in R*—-0,
(=L...,p),

(3) the new I-links (k; U --- U k,=R3) and (kj U -~ U ky = R3) are trivial, and

4 (byUu---Uby)n°De=0, (b U U bp)n°Dy=9.
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From this condition (4), we may also assume, after an ambient isotopy
keeping D, U Dy fixed, that the projection of °b; has no crossings with O, (i=
1,..., a) and the projection of °b’; has no crossings with O (j=1,..., f).

(Step 2). In this setep, we will remove the intersections (b, U --- U b,) n Dy
and (b U - U bp) n D, keeping the above conditions (1), (2), (3), (4).

(1) By the conditions (2) and (4), k; bounds a singular disk, say D, in
R3—0j such that D, NDy=k, NOy=a,, and we may assume that singularities
of D, are only clasps (see, for example, Smythe [14]). We deform b, along the
clasps homotopically so that D, is non-singular. See Figure 4 below. If

Figure 4

(byu---Ub)ND;#0, we can deform b, U --- U b, link-homotopically, so that
(b,U---Ub)nD,= and the conditions (1), (2), (3) and (4) hold. Now D, n
Di=D, n°Dj consists of a finite number of simple arcs, say y,,..., 7, and simple
loops, say dy,..., 0,,. These simple arcs are proper on D, and so at least one
of these arcs, say y,, cuts off a disk, say 4,, on D, such that é4, n Dy=7, and
04, na,=0. By deforming b, along 4, isotopically one may obtain a disk D,
bounded by k, which intersects Dj in a subcollection of v,,..., 7,, é1,..., 6,,. Some
new intersections occur in (b, U --- U b, U by U --- U bp) N Dy, but the intersection
(b1 U -+ U bp) N °Dy may be removed by the same way as that of (Step 1).

Repeating the procedure, we have a disk, say D, again, with 0D, =k,;=a, U b,
such that D, nDo=k, N0g=a,, D, nD;=D and (b,u---Ub,)nD;=0, since
the simple loops in D, N D{ can be easily removed.

(ii)) In general, we may assume that there exist mutually disjoint disks
Dy,...,D;_{ in R3® with éD,=k,=a,Ub,, D,nDy=k,N0¢=a, (v=1,..., i—1),
(D U--UD;_)NDp=G@ and (b;u--UbYN(D,U--UD,_)=0. Tt follows
from the conditions (2), (4) and above properties of D, U --- U D;_, that k; bounds
a singular disk, say D;, in R3— 0} such that D,n(DgUD, U---UD;_;)=k,NO0y=
a; and singularities of D; are only clasps. By the repetition of the procedure in
above (i), we have a disk, say D; again, withdD;=k;=a;U b, such that D; n(Dy U
DyU--UD;_)=k;n0p=aqa;, D;nDy=0 and (b;, U ---Ub)N(D;U--UD)=0
fori=2,...,a.

After all, we can conclude that there exists a link-homotopy of (Oq U b, U -+ U
b,) U(Og U b} U --- U bg), which keeps O, U Oy fixed, so that the new (OqU by U - U
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b,) U (0g U by U -+~ U by) satisfies the conditions (1), (2) and (3) in (Step 1), and

@) (byU--UbYN(°DyU Dy)=0, (byU --- U by) n°Dy=0.

(iiiy Applying the same arguments as above (i) and (i) to bi,.., b,
inductively, we have a link-homotopy of (OqU by U---U b,)U (OgU by U -+ U bp),
which keeps O, U Oy fixed, so that the new (Og U byU -+~ U b,)U (Op U bj U --+ U by)
satisfies the conditions (1), (2) and (3) in (Step 1) and

(4" (byU---Ub,ubiu-Ubp)N(°DyU °Dy)=0.

(Step 3). After (Step 2), we have mutually disjoint disks Dj,..., Dy in R?
such that aDj=k}=a;U b}, D;nDy=k;n0y=a}; and D;nDe=0 (j=1,..., p).
In general, (b, U---U b)) N(DjU---UDp)#0, and so we will remove the inter-
section keeping the above conditions (1), (2), (3) and (4”). The following argu-
ment is very similar to that of the proceding (Step 2).

(b)—(1): Tt follows from the conditions (1), (2)and (4”)that k, U Dy is contract-
iblein R3—(k) U D}), and so there existsa singular disk, say D¥, in R®—(k} U Dg)
such that D¥* nDy=k, U Oy=a, and singularities of D¥ are only clasps. We
deform b, along the clasps so that D¥ is non-singular by the same way as Figure 4
in (Step 2). If (b, U - U b,) n D¥#@, we deform b, U --- U b, link-homotopically
so that (b, U --- U b,) N D¥ =@ and the conditions (1), (2), (3) and (4”) hold. Now
D* n D}, =D*n°D} consists of a finite number of simple arcs, say y¥,..., 75, and
simple loops, say &%,..., 8% These arcs are proper on D¥, we can choose an
innermost one, say y¥, in these arcs; thatis, y¥ cuts off a disk AF in D¥ such that
0A* nDy=y* and d4%¥ na,;=0. By deforming b, along A} isotopically we
obtain a disk D¥ bounded by k; such that D¥nDicyU---UyFUSFU - UGS
Some new intersections occur in (b, U ---U b, U by U --- U bp) n D}, but the inter-
section (b3 U +-- U by) N D} may be removed by the same way as that of (Step 1).
Repeating the procedure, we have a disk, say again D}, in R3 with dDf =k, such
that D¥ N Dy=k, N 0g=a,, D¥ n(D{U D) =0 and so b, n(Dy U D)) =0.

(b,)-(ii): In general, we suppose that there exist mutually disjoint disks
Dy,..., D, in R? such that 0D, =k\,=a,Ub,, D,nDy=k,n0=a, (v=1,..,,
j—1, (D{U--UD;_))NDe=@ and b, n(DiU---UD;_)=G. Since bjn
(Do U DU -+~ U Dj_)=0b" n O4=2b’;, from the condition (3) we have a disk,
say D', in R® with dD;=k’; such that D;n(DoU DoU Dy U -+~ U D)=k} n 0=
a’;. From the conditions (1), (2) and (4"), k, U Dy is contractible in R3—(k;U Dy U
D{U - U D_y), and thus from (4”) there exists a singular disk, again say D¥,
in R3—(k’; U Dy U D} U -+~ U D;_;) such that D} n D=k, N Og=a, and singularities
of D¥ are only clasps. Applying the same argument as above (b,)-(i), we have a
disk, say again D¥, with 0D¥=k, such that Df nDy=k, N Og=a,, D¥U(DyU
Diu---UD)=0 for j=2,...,

Therefore, we conclude that there exists a link-homotopy of (Oy U by U -+- U b,)
U (04U by U -+~ U bp), which keeps O, U O fixed, so that the new (O U by U -+ U b,)
U(Og U by U -+ U by) satisfies the conditions (1), (2), (3) in (Step 1) and (4") in
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(Step 2)-(iii), and

(5) there exist mutually disjoint disks, say again D¥, Dj,..., Dj, in R3 with
oD¥ =k, 0D;=k; (j=1,...,B) such that D¥n(DyUDg)=k, NOy=a,, DN
(Do UDR)=k;n0y=a’;and DF N (b, U --- U by)=0.

REMARK. The set of disks Dj,..., D; in (5) is different from the set of disks

1»--., D mentioned in the first paragraph of (Step 3). In fact, at the beginning

of (by)-(i), k, U Dy is not always contractible in R3—(kj U --- U ks U Dg) (Recall
the Brunnian rings [11]).

(Step 4). After (Step 3), we may assume, inductively, that

(5') there exist mutually disjoint disks, say D¥,..., DX, Di,..., Dj, in R3
with 0D} =k, (v=1,...,i—1), dDj=k}; (j=1,..., B) such that D¥n(D,U Dy)=
k,n0y=a,, D;nN(DyUDy)=k;N0g=a; and (DfU---UDE)N(b;U--UD,)
=0.

(b)—(i): From the conditions (2), (4”) and (5), we see that k; U Dy U D¥ Uy --- U
D} . is contractible in R3—(kj U Dy). Therefore, we have a singular disk, say
D}, in R3—(kjuU Dg) such that D¥n(DyUDfU--UDE)=k;N0Oy=a; and
singularities of D¥ are only clasps. Applying the same argument as (b,)-(i), we
have a disk, say again D¥, with dD¥=k; such that D¥ n(DyU DL U --- U D¥ )=
k;nOg=a;, D} n(Dyu DY)=0 and so b, n(DiU D)) =0.

(b)-(ii): Inductively, we may assume that there exist mutually disjoint
disks, say Di,...,D;_; and D}, in R3 with 0D, =k;, D,nDy=k,n0y=a,
(v=1,...,j) such that (DoUDFU---UD¥E)N(DoUDLU---UD)=0, and also
assume that k;U Do U DY U ---U D¥; is contractible in R3—(k;UDoUD U - U
D’;_;). Thus we have a singular disk, say D¥, in R3—(k;U DyUDjU---U D))
such that singularities of D} are only clasps. Applying the same argument as
(b)(ii), we have a disk, say again D}, with 6D¥ =k, such that D} n(DyU D¥ U --- U
D¥ )=k;n0g=a, D¥N(DoUDjU---UD)=0 and (DU ---UD¥) N(bjy U - U
b)=@ fori=2,...,cand j=1,..., B.

Thus, in the long run, we conclude that there exists a link-homotopy of (O, U
byU--Ub)U(OyUbyU -+ U bp), which keeps O, U O; fixed, so that the new
(OpUbyU---Ub)U(OGU by U -+ U bp) satisfies the conditions (1), (2), (3) in
(Step 1) and (4”) in (Step 2)-(iii), and

(5") there exist mutually disjoint disks, say D¥,..., D}, Di,..., Ds, in R3
with 0D} =k; (i=1,...,a), oD;=k; (j=1,..., B) such that D¥ n(Dy U Dg)=k; N
Op=a;, D; N (Do U D)=k, n O=a);.

Now, it is easy to obtain a required link-homotopy between (Og U b, U --- U
b)u(OoUbiu---Uby) and (OgUDbFU---Ub¥U(OpU b U---Uby), and we
complete the proof of Lemma 2.2,

2.3. LemMA. Let D, and D}, be disjoint oriented disks in the hyperplane R?
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of R? and let O0,=02D,, 0y =02Dy,, and let a,,..., a, be mutually disjoint (small)
subarcs of O, and ai,..., ay be mutually disjoint (small) subarcs of 04. Let
B,,..., B,, B.,..., By be mutually disjoint oriented bands in R® such that each B,
spans Oy at two subares of a; (i=1,..., ) and each B'; spans Oy at two subarcs
ofa; (j=1,..., B), and we set

h(ao U 66’ E],_“’ Ea’ E;’_”, E;’) = h(ao, El,..., Ea) U h(éé, Elb..., E;g)
=(0¢u0,u--u0)u (O5u0iu--u0p,

where O, is the component of WOy; Bi,..., B,) with 0;na;#9 (i=1,...,a) and
0'; is the component of h(0y; Bi,..., By) with 0, na;#9 (j=1,..., p).

Let B},..., BY, BY,..., Bf' be mutually disjoint oriented bands in R? such
that B¥ spans O, with B¥ nDo=B* n0y=B,n 0, (i=1,..., ®) and B spans 0,
with B} nDy=B; n0=B;n0; (j=1,..., B).

We suppose that

(@ O¢u0,u--u0,u0yU0;U-UD; is link-homotopic to a trivial
1-link with a+ +2 components in R3, and

() O,u-u0,u0U--U 5}3 is a trivial 1-link with o+  components.

Then, there exists a link-homotopy {#,},.; between (OqU B, U---UB)U
(Oyu Byu--UBy and (OouBfU---UBHU(DyUBYU--UBy) such that
(0o U O0p)=04y U Oy for any tel and so #;(B)=B} (i=1,...,«) and 7j;(B)=
B! (j=1,..., B).

Proof. Let b; (resp. b)) be the associated connecting arc of the band B,
(resp. B)) (i.e. b; (resp. b)) is the core of B; (resp. B)), Cf. Goldsmith [5, Def. 1.5]),
i=1,...,0 (resp.j=1,..., f). Let k; (resp. k) be the simple loop in a; U b; (resp.
a;u b)),

From our definition, (k; U -+ U k,) U (kU -+ U k) is isotopic to (O, U -+- U 0,)
U(Oju---u0p) in R3 and so (ky U - Uk U (kiU - Ukp) satisfies the assum-
ption (1) in Lemma 2.2.

If we assign a suitable orientation to every loop of 0%, 0,,..., 0,, Of, 0i,...,
0}, kyso.y ko ki, Ky, Og and Op, then the linking number Ik(k;, 0¢)=1k(D;,
35 =0, Ik(k;, 0)=1k(D;, 03)=0, Ik(K}, OF)=IK(D}, O¥)=0 for any i=1,...,a
and j=1,..., . Moreover, as Z,-cycles, Of + 0, is homologous to 0, in R3—
(kyU--Uk,UkyU--Ukp), and 5{,*+5} is homologous to 0p in R3—(k, U ---U
k,UkiU--Up). Therefore, we conclude that Ik(k;, Oy)=1k(k}, Op)=0 for i=
1,...,a and j=1,..., 8. Since O, and O; are unknotted, k; is contractible in
R3—0} (i=1,..., o) and k’; is contractible in R3-0, (j=1,..., B), which is the
assumption (2) in Lemma 2.2.

Now, Lemma 2.3 is an immediate consequence of Lemma 2.2, because twist-
ings of bands B; and E’j can be removed by link-homotopy in the neighborhoods
of B; and B/, keeping the ends B; na; and B n a; fixed.
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3. Proof of Theorem 1.4.

For clarity, we divide the proof of Theorem 1.4 into three steps.

(Step 1). Since the 2-sphere is compact, locally knotted points (see [15,
1.14], =singularities [4]) of L is finite. We choose a tree, say T}, on S? (i=1, 2)
such that T; contains the all locally knotted points of L. Then, we have a disk-
pair (L(N(T;; S))c N(I(T;); S*), and by Fox-Milnor’s theorem [4] we see
the 1-knot (L(ON(T;; S3))<=dN (L(T)); S%) is a slice knot. Thus, there exists a
locally flat proper disk, say E;, in N(L(T;); S*) with 0E;= L(ON(T;; S?)), and we
have a locally flat 2-sphere K;=L(S?—°N(T;; S?)) U E; in S*. By the Alexander’s
trick, we conclude that L(S} U S3) is isotopic to K; U K,. Therefore, we may
assume that L is locally flat; and from now on we shall discuss the image (L(S?) U
L(S3) =S4 =(K U K'=S§%.

(Step 2). By Proposition 1.1, we assume that K U K’ is in the normal form
in R*; S*=R*U{c0}. Let OUO'>HF UAX'>FUP be the sequence of
oriented 1-links whose closed realizing surface is K U K’, such that K (resp. K') is
a closed realizing surface of 0—#"—@ (resp. O'— 4" > @), where 0, ¢', @ and
@' are trivial 1-links corresponding to K n R3[—3], K’ n R3[—3], K n R3[3] and
K’ n R3[3], respectively, o~ and #"* are 1-knots corresponding to the equatorial
1-knots K n R3[0] and K’ n R3[0], respectively (We refer the reader to §1 of [7]).
We set 0=0,U0,U--U0, O'=0,U0{U--U0;, &=0,U00,U--U0,
and @'=0,u 0, U U 0;.

Let Dy, Dy,..., D,, Dy, Di,..., D} be mutually disjoint disks in R2<R3 which
are oriented coherently with that of R2, and let 0;=0D; (i=0, 1,..., ) and 0=
oD; (j=0, 1,..., ). We may assume that #=0,U0,U--U0, and ¢'=04U
OyU-+U0;, and that X" =h(0; By,...,B,), A'=h(0; B,...,B}) and &=
h(x'; By,..., B), &' =h(x"; B,..., B}); that is, & (resp. ') is obtained from 0
(resp. ¢') by p-fusion along {B,,..., B,} (resp. A-fusion along {Bj,..., B;}), and @
(resp. ') is obtained from " (resp. #”') by a-fissionalong & ={B,,..., B,} (resp.
p-fission along ,@':{E’l,...,ﬁ;,}). By [7, Lemma 1.14] and its proof (or [15,
Lemma 2.5] and its proof), we may also assume that

(i) B;spans O;and O, (i=1,..., u) and B} spans O’ and O} (j=1,..., 1),

(ii) there exist mutually disjoint (small) abuarcs ay,..., a, of Oy —(B; U - U
B,) and mutually disjoint (small) subarcs aj,..., a; of Oy—(Bj U -+ U B}) such that
B; spans o' =h(0; By,..., B,) at two subarcs of a; and B’ spans ' =h(0'; B},...,
B)) at two subarcs of a’,

(i) (ByU--UB,UBjU--UBYN(B,u---uB,uBiu-UBp=0.

(Step 3). By Lemma 2.1, there exists a link-homotopy, say {,}.;, of the
polyhedron (O U B, U---UB,)U(0'UByn-- U Bj) in R3 so that

0) n(0,U0g=04U O for any sel, and
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(i) n((@UuB;U---UB)U(®'UBjU---UBy) is contained in R2 In
particular, we may assume that

(ii) n(ByU--UBYU(a;U-Ua,)=0, n(BjU--UB)U(ajU--Uap=0
for any sel,
because the first link-homotopy used in (Step 1) of the proof of Lemma 2.1 can
be modified by a suitable isotopic deformation as illustrated in Figure 5.

changing
—5 5
a crossing

Figure 5

It follows from (ii) and (iii) of (Step 2) that the restriction {f,},; on & U %’ U
(a,U---Ua,Uaju---Uap) is an isotopy keeping a; U--- U a, U aj U - Uay fixed.
It should be noted that n,(#" U A"")=n,(h(0; By,..., B)U h(¢’; Bi,..., B))) is a
trivial 1-link with 2 components, and 5,(B)),..., n.(B,), n1(B}..... n(B}) are
mutually disjoint bands satisfying the assumptions in Lemma?2. 3, provided that we
replace n,(#) U (A7) with GoU 0y and ny(By),.... 14(Ba), mu(By),..., ni(By)
with Bi,..., B,, Bi,..., B;. By Lemma 2.3, there exists a link-homotopy, say
{fls}ser> Of the polyhedron (,(#7) U m(BY U - UmB)U () uny(BYU - U
n,(Bp)) in R? such that

©) G (v A" N=n,(# U for any sel, and

() A () U (BY U - Uni(B)) U (0 () Umy(BYU -+ U my(Bp)) is
contained in R2.

New we can easily construct a required link-homotopy, say {f,}., between
KUK’ and a trivial 2-link by extending {5}, and {#,},; naturally for each level
(KUK)YU R3], -3<t<3. Infact, we define {0}, as follows: under identifying
R3[t] with R3,

“12((KU K') n R3[#]) for 0<s<1/2,—-3<1<3,
0. ((KU K')n R3[1]) =( flp-1(n (KU K')n R*[]) for 1/2<s5<1,1<1<3,
(KU KYn R3[1]) for 1/2<s<1, —3<t<].

(See Figure 6, which shows the {6}, schematically). By Theorem 1.2, or
directly, we can easily check that 8,(K U K’) is a trivial 2-link.
This completes the proof of Theorem 1.4.
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4. Remarks and Questions

The following Question is also proposed by D. Rolfsen [12]:

4.1. QuestioN Given a 2-link L: 81U S3—S%, is there a homotopy of
Llsz in S*—L(S%), taking it to a trivial 2-knot in §%?

It is easy to see that an affiirmative answer to this Question implies Theorem
1.4, but we do not know the answer. The following is a partial solution to this
Question.

4.2, THEOREM Let (KUK'cS%) be a 2-link. If (K<=8% is a ribbon
2-knot, then there exists a homoiopy {0.}.; of K in 8*— K’ such that 8,(K) is a
trivial 2-knot in 5%,

Sketch Proof. By [7, Cor. 2, 18] and the definition of a ribbon 2-knot {Cf.
Yanagawa [17, Theorem (5.3)], [7, Def. 4.1], [15, Def. 2.12]), we may assume
that KU K’ is in the normal form in R* S*=R4%U {0}, such that K is simple
symmetric with respect to R3[0]. Let @U @'—>F YA U {(d U U~ UF,)
be the sequence of oriented 1-links whose realizing surface is K U K’, such that K
is a closed realizing surface of the sequence ¢— % - @. We suppose that @=0, U
0,U-U0, 6=0,u0,U-U0, H=h0;B,,..B), &=hx;B,..,B),
A =h(@'; B},..., BY) and @ UA U U, =h(x"; Bi,...,By). Then the
simple symmetricity of K implies that the sequence @— ¢ is precisely the converse
of the sequence .#" — @, and so z=¢ and we may assume that B;= B, as sets {i=
1., 0. _

Let {1} s be a homotopy of the polyhedron U B, Y -+ UB (=0 UB; U U
B) in R*>—(@’UB,U---UB3UB{U--UB)) obtained from the following
sequence of homotopic deformations: We deform B,=B, homotopically by
changing some crossings of B, with @ so that the new B, lies under &, as the
same way as that of (Step 1) in the proof of Lemma 2.1, Inductively, we deform
B;= B; homotopically by changing some crossings of B; with @U B, U - U B;_,
so that B, fies under #U B, U---U B,y (i=2,..., j1).

We can construct now a required homotopy {f.},,; of K in $4—K’ by the
same way as that of (Step 3) in the proof of Theorem 1.4. In fact, we define
{0} s as follows: under identifying R3[¢] with R3,

0K n(R3[1]-K)) = n(K n(R3[{]-K")

for 0<s<land —3<r<3. Ttis easy to see that §,(K) is a trivial 2-knot in §*
by Theorem 1.2,

After proving Theorem 1.4, the following question come to mind:
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4.3, QUESTION Is every 2-link L: ¥ 5., §1-8* with ¢>3 link-homotopic
fo a trivial 2-link?

Lemma 2.1 is valid for ¢>3 components polyhedron, but Lemma 2.2 (and
so Lemma 2.3) can not be proved for ¢>3 components polyhedron by our
method, and Question 4.3 is still open.
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