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INTRODUCTION. In [1, Ex. 4, page 12), it is mentioned that if o: is a non-zero 
element in the quotient field K of an integral domain R, then R(o:) = R [o:] n 
R [1/o:) is integral over R. The ring R(o:) has seemed rather interesting to us, but 
we do not recall seeing any other results in the literature about such rings except a 
few ones (eg., [3] ). 

Let R be a Noetherian domain and K its quotient field. Let o: be a non-zero 
element in K and R ( o:) = R [ o:] n R [1/ o:]. We call o: anti-integral over R if 
R(o:) = R. We investigate a simple extension R [a] of R with o: anti-integral 
over R, which is called an anti-integral extension of R. 

Recall the following fact: 

Let A be an over-ring of R (i.e., R CA CK) which is of finite type over R. 
Assume that A is quasi-finite over R and R is normal. Then if a contraction map: 
Spec A - Spec R is surjective, we have R = A ( cf. [ 6 ]). 

This is known as the Zariski-Main Theorem (ZMT). If R is not integrally closed, 
we can find a counter-example. Even if Spec A - Spec R is surjective, A is not 
necessarily integral over R (in particular, R -::/= A). But we can show that if A is 
R (a1 , ... , o:nJ, each o:1 anti-integral over R, then the surjectivity of Spec A -
Spec R yields A = R. This result is our first motive for writing this paper (See 
Section 2). 

Section 1 is devoted to establishing several properties of an anti-integral extension 
R [o:] of R. For example: 
(a) If o: is integral over R then R ( o:) = R [a]. 
(b) When a is anti-integral over a local domain (R, m) and R ~ R [ o:], mR [ o:] = 
R[o:) ifandonlyif R=R(o:)=R[l/o:] -R[o:, 1/o:] isaflatextension. 

In Section 2, we show mainly: 
(c) Whenever o: is anti-integral over R, R[o:] is flat over R if and only if Io.+ 
o:I o. = R, where Io. denotes an ideal (R : Ra) of R. 
(d) Let A=R[o:1 , ... ,o:n] witheach o:1 anti-integral over R. AssumethatR 
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contains an infinite field k and either that R satisfies the altitude formula or that A 
is quasi-finite over R ( cf. [ 6 J ). Then if the contraction map <I> : Spec A ---+ Spec R 
satisfies Im </J:) Dp 1 (R): = l p ESpecR I depthRp =I\, then A =R. 

In Section 3, we introduce a ring R(J) for a fractional ideal J of R and show: 
(e) If R(la)=R(aEK), then a is anti-integral over R. 

In this paper all rings are assumed to be commutative and to have an identity, and 
our general references for unexplained technical terms are [2] and [4}. Throughout 
this paper we fix the notation as follows (unless otherwise specified): Let R denote 
a Noetherian domain, K the quotient field of R and R the integral closure of R 
in K. For a EK, la denotes an ideal (R: Ra)= jaER laaER \ of R. 

1. The ring R (a). 
We start with the following definition. 

DEFINITION 1.1. For a non-zero element a of K, we set R(a) = R[a} n 
R [I/a} in K. 

The following lemma is seen in [I, Ex. 4}, but we prove this for the sake of 
completeness. 

LEMMA 1.2. Fora non-zero aEK, R(a) is integral over R. 

PROOF. We know that R can be expressed as n V x, where Vi.'s are discrete 
valuation over-rings containing R. Since Vx is a valuation ring, we have that a E Vx 
or I/ a E Vx. So R (a) = R [ a J n R [I/ a] c Vx for each Vx. Hence R (a) c R. 

Q.E.D. 

The following elementary lemma is useful in the sequel. 

LEMMA 1.3. For a non-zero a EK, the following statements are equivalent: 
(I) a is integral over R. 
(2) R(a) =R [a]. 
(3) a ER(a). 

PROOF. (2) ~ (3) is obvious. (2) * (I) follows from Lemma 1.2. (I) * (2): 
Let a be integral over R. Then 

So a = - ( a 1 + a 2 ( 1 /a) + • • • + an (1 /a) n - l ) ER [ 1 /a], and hence R [ a J C R [I/ a] . 
Thus R[a} CR[a] nR [I/a] =R(a). Q.E.D. 
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DEFINITION 1.4. Assume that R = R (ex) for a non-zero ex EK. Then we say 
that ex is an anti-integral element or that ex is anti-integral over R. When ex is 
anti-integral over R, a simple extension R [ex] is said to be an anti-integral extension 
of R. 

The property of being anti-integral is local-global as is seen in the next lemma. 

LEMMA 1.5. For a non-zero ex in K, the following statements are equivalent: 
(1) R(ex) =R. 
(2) Rp(ex)=Rp foreach pESpecR. 
(3) Rp(ex) =Rp for each p EDpi(R) = 1 pESpecR I depthRp = 1 f. 

PROOF. (1)=>(2): Take (3ERp(ex). Then 

with a;, b; ERp. Choose a common denominator d ER of a;'s and b/s such that 
df/.p. Then d(3ER(ex)=R, andhence (3ERp. (2)=>(3)isobvious. (3)=>(1): 
Take (3 ER (ex). Suppose (3 ff. R. Then Ip ':I= R. Let p be a prime divisor of Ip. 
Then depth Rp = 1 (cf. [81). Hence (3ERp(ex)=Rp, which implies that Ip<:/.P, 
contradiction. Q.E.D. 

REMARK 1.6. (1) If ex EK is anti-integral over R, ex is also anti-integral over 
Rp for each p E SpecR. 
(2) For a non-zero ex EK, ex is anti-integral and integral over R if and only if ex ER. 

PROPOSITION 1.7. For a non-zero ex E K, the following statements are 
equivalent: 
(1) R[ex]n.R=R (ie., R isintegrallyclosedin R[ex]). 
(2) Foranynon-zero {3ER[ex], R({3)=R (i.e., (3ER[ex] isanti-integralover R). 

PROOF. (2)=>(1): Su~osethat R[ex]n.R~R. Then there exists (3ER[ex]n 
R but (3 <foR. Being {3 ER implies that R i/3) = R [(3] j R by Lemm~ 1.3. Thus 
R(f3)jR. (1)=>(2): SupposethatR[ex]nR=R. SinceRCR(ex)CRnR[exJ= 
R, we have R(ex) = R. For any non-zero (3 ER [ex], we have R c R [(3] n R c 
R[ex] n.R =R. So R[/3] n..R =R and R(/3) =R. Q.E.D. 

REMARK 1.8. For each non-zero ex EK, we have R(ex) (ex)= R(ex), i.e., ex 
is anti-integral over R (ex). In other words, R [ex] is an anti-integral extension of 
R(cx). In fact, this is implied by: R(ex) (ex)= R(ex) [ex] n R(ex) [1/ex] = (R[ex] n 
R [1/cx]) [ex) n(R [ex] nR [1/ex]) [1/ ex J c R [a) nR [1/cx] = R(ex). 
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LEMMA 1.9. Let a be an anti-integral element in K over R. Let (3 = ua + a 
(u, a ER) with u an unit in R. Then (3 is an anti-integral element. 

PROOF. It is easy to see that ua is anti-integral over R. So we may assume that 
u= 1 and (3=a+a(aER). Let 

0 --+ I --+ R [X] __!P___,,. R [(3] - 0 

be an exact sequence, where R [X] is a polynomial ring and q,(X) = (3. By (3], 
we have only to show that I has a linear basis, that is, I= l':(c;X - d;)R [X] with 
(3 = di/c; (c;, d; ER). Take f(X) E JC R [X]. Putting Y = X - a, let g( Y) = 
f( X ). Since / ({3) = g( o:) = 0 and a is anti-integral over R, we have g( Y) = 
l':(a;Y- b;)h;(Y) = l':(a;(X - a)- b;)h;(X - a) =~(a;X -(b;+a;a))h;(X-a) 
and (b1 + a;a)/a; = b;/a; +a= a+ a= (3. Thus I has a linear basis, which implies 
that (3 is anti-integral over R. Q.E.D. 

PROPOSITION 1.10. For a non-zero a EK, if R (a)~ R there exists r ER 
such that raER(o:)\R. 

PROOF. Take (3 ER(a) \R. Then 

with a;, bi E R. Changing (3 and the expression ( * ), we may assume that n is the 
smallest among such n's. If n = 1, then we are done. Suppose n > 1. We can 
assume that a0 = 0. Thus 

By the choice of n, we have (3/aER, and hence {3=ro: with rER. Q.E.D. 

COROLLARY 1.11. For a non-zero a EK, let IOI.= q 1 n • •. n qt be a primary 
decomposition. Then if Wt ff AssR (R/R) for each i, then a is anti-integral over 
R. 

PROOF. Suppose that R (a) ~ R. Then there exists r E R such that rn E 

R(a) \R by Proposition 1.10. Since IrOI. = IOI. : Rr, we have Ir01. = (q 1 : r) n • • • 
n (qt : r). Since rn is integral over R (Lemma 1.2), there exists i such that YQi 
E AssR (R/R). Q.E.D. 

REMARK 1.12. Let a EK and let S be a multiplicatively closed subset of R. 
Then (s-1 R) (a)= s-1 (R(a)). If an over-ring A is an anti-integral extension of 
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R, s-1A is an anti-integral extension of s-1R and a polynomial extension A [X] 
is an anti-integral extension of R [ X] . 

2. Anti-integral extensions and flat simple extensions. 

DEFINITION 2.1. Let A = R [a], a a non-zero element in K. For p E Spec R, 
we denote Ap = Rp [a]. We say that an extension A/R is a blowing-up at p if the 
following two conditions are satisfied: 
(i) pAP nRp = pRp, 
(ii) Ap/PAp is isomorphic to a polynomial ring (Rp/PRp) [T]. 

LEMMA 2.2. Let (R, m) be a local domain and A = R [a], a EK (a =I= 0). 
Assume that mA n R = m. In this case we have a canonical injection R/m -
A/mA = (R/m) [&]. Then 
(I) A/R is a blowing-up at m if and only if ci is transcendental over R/m (where 
ii denotes the residue class of a in A/mA). 
(2) Assume that R contains an infinite field k. If A/R is not a blowing-up at m, 
then for some µ Ek, 1/(a - µ) is integral over R and R ..L,. R(a - µ) = 
R[l/(a-µ)] L R[a]=R[tl'.-µ, 1/(a-µ)], where i isintegraland j isa 
localization (flat). 

PROOF. (1) is obvious. (2): By the preceding (1), "ii is algebraic over R/m. So 
we have 

If k > 0, we can find µ -:/= 0 in the infinite field k such that µm + A~ µm -l + ... 
+ A~ =I= 0. So putting /3 = a - µ, from (**)we have an algebraic relation: 

Let a; denote the representative of A; in R. Then we have 

Since an = An =I= 0, we have On f!. m. By the expression of an element in mR [/3], 
we get 

with b; ER and b0 = an = An =I= 0. Hence b0 is a unit in R. Multiplying 1/b0 , 

we have 
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which implies that 1/(3 is integ!al over R. By Lemma 1.3, R ((3) = R (1/(3) = R (1/(3] 
and R ~ R((3) = R (1/(3] --4 R ((3, 1/(3], where i is integral and j is a localiza­
tion (hence flat). Q.E.D. 

DEFINITION 2.3. Let R ---+ A be a ring extension and p E Spec R. We say 
that p is contracted from A if pA n R = p. 

It is easy to see that p E Spec R is contracted from A if and only if P n R = p 

for some P E Spec A if and only if pA P n RP = pR p· If A = R [ o:] is a blowing-up 
at p E Spec R, then p is contracted from A. 

LEMMA 2.4. Let (R, m) be a local domain and A = R [ o:] with a non-zero 
o:EK. Then 
(I) m is not contracted from A if and only if mA =A. 
(2) If m is not contracted from A, then 1/o: is integral over R and R ~ R ( o:) 
= R [I/a] ~ R [a]= R [ a, 1/a], where i is integral and j is /fat. 

PROOF. (1) is obvious. (2): Suppose that mA =A. Then 

Since 1-a0 is a unit in R, 1/a is integral over R. Hence noting that 1/a:ER(o:)C 
R [ o: J, we have 

R ~ R(o:) = R (1/o:] __}__. R (o:, 1/a) = R[o:], 

where i is integral and j is a localization. Q.E.D. 

PROPOSITION 2.5. Let (R, m) be a local domain and o: a non-zero element in 
K which is anti-integral over R. ~ssume that R [ o:] ';J,_ R. Then mR { o:] = R [ o:] if 
and only if R=R(a)=R[l/o:] ..l.....+R[a], where j isflat. 

PROOF. ( ⇒): By Lemma 2.4, 1/o: is integral over R and R(o:) =R(l/o:) = 
R[l/o:] __l_,.R[o:), where j is flat. Since o: isanti-integral, R(a)=R. (~): By 
assumption, a~ R. Since 1/a ER, we have 1/o: Em, which implies that mR [ o:) 
=R[o:]. Q.E.D. 

The ring extension R [ o:] of R is characterized by an ideal Ia as is seen in the 
following Proposition. 
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PROPOSITION 2 .6. Let a EK be anti-integral over R and p E Spec R. Assume 

that R contains an infinite field k. Then 

(1) Iae/.P ifandonlyif Rp=Rp[a]. 
(2) Ia C p but ala (/.. p if and only if R p =ii= Rp [a] and p is not contracted from 

R[a]. 
(3) IOl + ala C p if and only if R [a]/ R is Mowing-up at p. 

PROOF. (1):IOl(/.p-aERp-Rp[a]=Rp, 
(2) (=>): Since aJOl '1- p, there exists b EalOl but b f/=p. Hence a= b/a for some 
a E J~ c p. So aa .= b EpR [a] and hence pR [a] nR ~P- ( <=): By Lemma 2.4, 
Rp ~ Rp (1/a] --1-+ Rp [a], where i is integral and j is flat, and 1/a is integral 
over Rp. Since a is anti-integral over Rp, we have Rp =Rp(a)=Rp(l/a) = 
Rp(l/a]. Hence 1/aERp, which implies that aIOl =I11a (/.p. Since pRp[a]= 

Rp[a], we have Rp[O!]~Rp andhence JOlCp. 
(3) (=>): Since Rp[O!]/PRp[O!] = (Rp/PRp) [ii], we must show that ii is trans­
cendental over Rp/PRp. Suppose the contrary. We have by Lemma 2.2, that 1/(3 
is integral over RP with (3 = O! - µ for some µ E k and by Lemma 1.9 (3 is anti­
integral over R. So 1/ (3 E Rp. Hence (3113 = I l//3 (/.. p. But it is easy to see that 
Ia +ala= Ic,(R + aR) = I13(R + (3R) = 113 + (31/3, which yields that J/3 + (31/3 C p, 
contradiction.(<=): Suppose that Ic,+aIOl(/.p. If /Ol(/.p, then Rp=Rp[O!] and 
R [ O! J is not a blowing-up at p by (1 ). If /Ol C p and O!lc, (/. p, then pRp [ O!] n 

Rp =ii= pRp by (2). Thus R [a] is not a blowing-up at p by Definition 2.1. 
Therefore in any case R [ O!] is not a blowing-up at p. Q.E.D. 

In [7], the following result is shown: 

Let A be an integral domain (not necessarily Noetherian), L its quotient field 
and a = b/a E L(a, b EA, ab =ii= 0). Then if A [a] is flat over A and A is integrally 
closed in L, an ideal (a, b )A is invertible. 

The analogous result is the following: 

PROPOSITION 2.7. Let O!EK bea non-zero element. Then 
(1) If IOl + O!/Ol = R then R [ O!] is flat over R. 
(2) Assume that O! = b/a (a, b E R) is anti-integral over R. Then the following 
statements are equivalent: 
(2.i) R [a] is flat over R. 

(2.ii) Ia + ale, = R. 
(2.iii) (a, b )R is an invertible ideal of R. 

PROOF. Since /Ol(R + aR) = R, a fractional ideal R + aR is invertible. Since 
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R+aR=:::.a(R+aR)=(a,b)R, (a,b)R is invertible. So R[a] isflat(cf. [7]). 
(2): (2.iii) ~ (2.i) follows from [7]. (2.ii) ~ (2.iii) is shown above. (2.i) ~ (2.ii): 
Note that p ::::> Ia + ala if and only if R [ex]/ R is a blowing-up at p by Proposition 
2.6. Since R [a] is flat over R, R [ ex ]/R is not a blowing-up at any p E Spec R. 
Thus Ia + al a = R. Q.E.D. 

PROPOSITION 2.8. Let ex EK be anti-integral over R. Then R [ex] is flat over 
R if and only if R [ 1 /ex] is flat over R. 

PROOF. By Proposition 2.7, R[cx] is flat over R -=Ia+ I 11a =Io,+ ala =R 
-= la + f 1/a = ( 1/a )f 1/a + I t/o, = R (Note that ala = 111a)-= R [1/ ex] is flat over 
R. Q.E.D. 

LEMMA 2.9. Let a EK (cx*O) and PESpecR(a). Put p=PnR. Then 

either pR[cx]*R[cx] or pR [1/cx] *R[l/a]. 

PROOF. Suppose pR[a] =R[a]. Then since pRp[a]=Rp[a], we have 
Rp(cx) = Rp [1/a] by Lemma 2.4. Hence Rp(<X) ~PRp(a) ::::> pRp(a) = pRp [1/a] 
and consequently we have pRp (1/cx] *RP [1/a]. Thus pR (1/a] *R [1/a]. 

Q.E.D. 

The next result is well-known ( cf. [7] ). 

LEMMA 2.10. Let A be an over-ring of R. Then A is flat over R if and only 

if Ap =RPnR for each PESpecA. 

PROPOSITION 2.11. Let a be a non-zero element in K. Assume that both 
R[a] and R[l/a] areflatover R. Then R(cx)=R, i.e., a isanti-integralover R. 

PROOF. Take PE Spec R (a) and put p = P n R. Then by Lemma 2.9, either 
pR[a]*R[a] or pR[l/a]*R[l/o.]. Wemayassume pR[cx]*R[a] (by 
symmetry). Then there exists Q E Spec R [ex] such that Q n R = p. Since Rp [ex] is 
flat over Rp, Rp =(Rp[cx])Q ::::>Rp[a] ::::>RP. Hence Rp[a]=Rp- Thus Rp(a)= 
Rp [o.] n Rp [1/cx] = Rp. Since R(cx) is integral over R {Lemma 1.2), we have 
R(a)p = Rp, which implies that R(a) is flat over R. So since R(a) is integral 
over R, R(cx) =R by [7]. Q.E.D. 

COROLLARY 2.12. Let a= b/a EK (a, b ER, ab* 0). Then if both R [ ex] 
and R [1/ a] are flat over R, (a, b )R is an invertible ideal of R. 

PROOF. By Lemma 2.11, ex is anti-integral over R. The conclusion follows 
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from Proposition 2.7. Q.E.D. 

COROLLARY 2.13. Let o: EK be a non-zero element. Consider the following 
conditions: 
( 1) R [ o:] is an anti-integral extension of R. 
(2) R [ o:] is flat over R. 
(3) R[l/o:] isjlatoverR. 
Then two of these conditions imply the other. 

PROOF. If (1) holds, (2) ¢=> (3) follows from Proposition 2.8. (2) + (3) implies 
(1) by Proposition 2.11. Q.E.D. 

We recall that: Let A be an over-ring of R which is of finite type over R. 
Assume that R is integrally closed in K and that A is quasi-finite over R (cf. [6] ). 
Then the contraction map ¢: Spec A - Spec R is an open immersion, and if 
furthermore </) is surjective, then A= R. 

This is known as the Zariski-Main Theorem (ZMT) (cf. [61). We extend this in 
a certain sense (See Theorem 2.16). We start with a simple case. 

PROPOSITION 2.14. Let o: be a non-zero element in K which is anti-integral 
over R. Assume that R contains an infinite field k and that R satisfies the altitude 
formula. Then if the contraction map </) : Spec R [ o:] - Spec R is such that Im </) 

:JDp 1 (R), then R[o:] =R. 

PROOF. Take p E Spec R. If la. (/. p then R [ o:] C Rp, and hence Rp [ o:] = 
Rp. Suppose Ia C p and that p is a prime divisor of Ia.. Then p E Dp 1 (R ). So 
since Im</) :J Dp 1(R), we have ala C p by Proposition 2.6. Thus v'4,:J../a4.. 

Note that Ia =Ia-µ, for any µEk and R[o:]=R[o:-µ] and that o:-µ isanti­
integral over R by Lemma 1.9. We have ~ :J v(o:- µ)Ia-µ, for any µEk. 
Now let q be in Ht 1 (R) and suppose q :J Ia. Then R [ a ]/R is not a blowing-up 
at q. Indeed, suppose that Rq [ o: ]/ qR11 [ o:] ~ (Rq/ qRq) [ T], T an indeter­
minate. Then qRq [ o:] is a prime ideal and ht qRq [ o:] = ht qRq + tr. degRR [ o:] -
tr.degk(q~q[ o: ]/qRq [ o:] = 1 + 0 - 1 = 0 (k(q) = Rq/QRq) by the altitude formula, 
which implies that qRq [ o:] = 0, contradiction. Hence 1/ (3 is integral over R for 
(3 = o: - µ ( some µ Ek) by Lemma 2 .2. Since (3 is anti-integral over R by Lemma 
1.9, I/(3 E Rq. Thus (3113 = 11113 C/- q, which contradicts with q :J ./fi:J-Jiffi. 
Therefore ht Ia > 1. But since R satisfies the altitude formula, the element o: is 
integral over R. Indeed, putting p = P n R for arbitrary P E Ht 1 (R), we have 
ht p = 1 by the altitude formula. Thus Ia (/. p and hence o: E Rp C Rp, which 
yields that o:ER. Therefore R(o:)=R[o:] byLemmal.3. So R[o:]=R(o:)=R. 

Q.E.D. 
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As a corollary of the proof of Proposition 2.14, we have the following: 

COROLLARY 2.15. Let o: be an anti-integral element in K. Assume that R 
contains an infinite field k and that R [ o:] is quasi-finite over R. Then if the contrac­
tion map</>: Spec R[o:]---+ Spec R is such that Im</> JDp 1 (R), then R[o:] =R. 

PROOF. By the same way as in the proof of Proposition 2.14, we can show that 
v'I;_ J val;,_. Since R [ o:] is quasi-finite over R, R [ o:] is not a blowing-up at any 
p E Spec R with pR [ o:] * R [ o:]. Hence by Proposition 2.6(3). /CJ.+ o:/0 q. p for any 
p E Spec R with pR [ o:] * R [ o: ]. So ,JI; J v'a4_ implies that /CJ. (/. p for any 
pESpecR with pR[o:]1=-R[o:]. Thus o:ERp for any pESpecR with pR(o:] 
* R [ o:]. But since Im </J J Dpi(R), we have pR [o:] 1=-R [ o:] for any p E Dp 1 (R) 
and hence R = n Rp J n Rp [o:] JR [o:] (p E Dp 1 {R)), which implies that R = 
R [ix]. Q.E.D. 

THEOREM 2.16. Assume that R contains an infinite field k and that R 
satisfies the altitude formula. Let A = R [ o:1 , ... , o: n J with o: i EK anti-integral 
over R. Then if the contraction map </> : Spec A ---+ Spec R satisfies Im </J J 
Dp1(R), then A =R. 

PROOF. From the commutative diagram: 

Spec A --------4- SpecR [ o:i] 

~/ 
SpecR 

we have Im </Ji J Im </J J Dp 1 (R). Thus O:i ER for each i by Proposition 2.14. So 
A =R. Q.E.D. 

COROLLARY 2.17. Under the same assumption as in Theorem 2.16, the follow­
ing statements are equivalent: 
(1) </J is a surjection. 
(2) A is integral over R. 
(3) A =R. 

COROLLARY 2.18. Let A = R [ o:1, ... , O:n] with non-zero o:; anti-integral 
over R. Assume that R contains an infinite field k and that A is quasi-finite over 
R. Then if the contraction map </> : Spec A ---+ Spec R satisfies Im </J J Dp 1 (R ), 
then A =R. 
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REMARK 2.19. Let A and R be the same as in Thoerem 2.16 or Corollary 
2.18. If A is integral over R, </> : Spec A---+ Spec R is obviously surjective. But 
the surjectivity of </> does not necessarily ensure the integrality of A over R. For 
example: A = k [T, 1/(T-1)] :::) k [T] :::) R = k [T(T-1), T2(T-1)], where k 
is a field. Theorem 2.16 asserts that if A is anti-integral over R, the surjectivity of 
</> ensures the integrality of A over R. 

3. The ring R(/a,) and the anti-integrality of a. 

We introduce the following over-ring of R. 

DEFINITION 3.1. Let J be a fractional ideal of R. Define 

R ( J) = l 0( EK I al CJ l. 

It is easy to see that R(J) is an over-ring of R which is integral over R and 
R(Jp)=R(J)p for any pESpecR (cf. [5]). 

PROPOSITION 3.2. Let J be an integral ideal of R. Then the following state­
ments are equivalent: 
(1) R(r1 )=R (where r 1 =(R :KJ)=HomR(J,R)). 
(2) Jp is a principalideal of Rp for each p E Dp 1 (R). 

PROOF. (2) ~ (1 ): Since R = n Rp (p E Dp 1 (R )), we have only to show that 
R(J-1 )CRp for any pEDp1 (R). As Jp=aRp for some aER, J~1 =cx-1Rp. 
So we have Rp C R(J;1) = R(a-1 Rp) C Rp. The containment R(F1

) CR (J/) 
is obvious. Thus R(J-1 ) C R(Jj;1) C Rp, as wanted. (1) ~ (2): We may assume 
that (R, m) is a local domain and that m E Dp1 (R ). If R is a discrete valuation 
ring, R is a principal ideal domain. Hence J is a principal ideal of R. Suppose that 
R is not a discrete valuation ring. Then m : Km =I= R. If there exists <f> E r 1 = 
Hom R (J, R) with <f>( J) = R, an exact sequence: J LR ---+ 0 splits. Since rank 
J= 1, we have J:::.R. Sowesupposethat <f>(J)i=-R for any ef>EF1

. Inthiscase, 
<f>(J)Cm. Forany aEm:Km, a<f>(J)CamCmCR, andhence cxER(F1). 
Thus m : Km c R(F1

). But since R(J-1
):::) m : Km jR, we have R =R(F1

) 

~R, contradiction. Q.E.D. 

PROPOSITION 3.3. Let J be divisorial integral ideal of R. Then if R(J-1 ) 

= R, there exists a non-zero a EK such that J = IOI. 

PROOF. We first show the following Claim: 
CLAIM. If p E Dp1(R) contains J, then p is a prime divisor of J. 
(Proof) Since R(F1

) = R, JP = aRP for some a EJ by Proposition 3.2. As 
pR P is a prime divisor of a principal ideal aR P = JP ( cf. [8] ), p is a prime divisor 
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of J. 
Let J = q 1 n • • • n Qn (Wi = Pi) be a primary decomposition. Then Pi E 

Dp 1 (R) because J is divisorial. Put S = R \ U Pi· Then A : = s-1 R is semi-local 
and each maximal ideal of A is of depth one. Since JA is invertible by Claim above, 
and since A is semi-local, JA is a principal ideal. So there exists a E J such that 
JA = aA. Hence we have a primary decomposition: 

Suppose P; ::) J for some i. Then Pi E Dp 1 (R) implies that P; is a prime divisor of 
J by Claim. But since the prime divisors of J are p 1, ... , Pn, this is absurd. Hence 
J C/- P; for all i = l, ... , m. Next we will show that P; C/- P; for any i, j. Suppose 
that P; C P;- Then JR Pi= aRPi' and a E P; implies JRP; C P;Rpr Thus JC Pi, 
contradiction. Hence we have 

So there exists b E Q1 n • • • n Qm, b f/=.p 1 , ... , Pn· We have (aR : RbR) = q 1 n 
• · • n qn = J. Putting a:= b/a EK, we have Ia= (aR : RbR) = J. Q.E.D. 

PROPOSITION 3.4. Let a be a non-zero element in K. If R(/a) = R, then 

R ( o:) = R, i.e., o: is anti-integral over R. 

PROOF. CLAIM 1: For each p E Dp 1 (R), Ua)p = Rp or (/11a)p = Rp. 
(Proof) Let p E Dp 1 (R). If Ia C/- p then (Ia)p = Rp. Suppose that Ia C p and 
I 11a C p. Then (/a)p = aRp for some a E Ia by Proposition 3.2. So o:aRp = 
a:(Ia)p = (o:Ia)p = (/11a)p C pRp. Thus 0/.a = r for some r E pRp and o: = r/a. 

So aRP = Ua)p = (aRp : RprRp), which asserts that a, r is an RP-regular sequence. 
But depth Rp = I, contradiction. Therefore (/a)p = Rp or (I11a)p = Rp. 

CLAIM 2: If R(la) = R then lo,+ 11/a (/. p for each p E Dp 1 (R). (Proof) 
Suppose that IOI. + 11/a C p with p E Dp 1 (R). Then both (Io,)p and (I11a)p are 
principal ideals in RP by Proposition 3.2. But by Claim 1, (IOl.)p = Rp or (/11a)p = 
Rp. This contradicts with (/a)p + (I11a)p C pRp. 

Thus for p E Dp 1 (R), Ia + / 1/o, Cf- p by Claim 2. Hence a: ERp or l/Oi. ERP. 
Therefore R(Oi.)=R[o:]nR[I/a:]CRp forall pEDp1 (R). So R(a)=R by 
Lemma 1.5. Q.E.D. 

COROLLARY 3.5. Let J be an invertible ideal contained in R. Then there 
exists an anti-integral element a of K such that J = Ia. 

PROOF. Since R (J- 1 ) = R by Proposition 3.2, J = IOI. for some non-zero a: in 
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K by Proposition 3.2. Hence R (a)= R by Proposition 3.4. Q.E.D. 

REMARK 3.6. The converse of Proposition 3.4 does not necessarily hold as is 
seen in the following example: 

Let (R, m) be a Noetherian local domain such that AssR (R/R) = j m f, ht m > 
1. Take a EK such that la = q I n • • • n qt, where qi is a primary ideal with 
ht Q; = 1 for each i. Then -../<i $. AssR (R/R) implies that R (a)= R by Corollary 
1.11. But since depth R = 1, la cannotbeaprincipalideal,andhence R(la)=l=R 
( cf. Proposition 3 .2). 

We are grateful to the referee for his helpful comments. 
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