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INTRODUCTION. In [1, Ex. 4, page 12], it is mentioned that if « is a non-zero
element in the quotient field K of an integral domain R, then R(a)=R[a] N
R[1/a] is integral over R. The ring R(e) has seemed rather interesting to us, but
we do not recall seeing any other results in the literature about such rings except a
few ones (eg., [3]).

Let R be a Noetherian domain and K its quotient field. Let o be a non-zero
element in K and R(a)=R[a] NR{1/a]. We call a anti-integral over R if
R(a) = R. We investigate a simple extension R[a] of R with a anti-integral
over R, which is called an anti-integral extension of R.

Recall the following fact:

Let A be an over-ring of R (i.e., R CA CK) which is of finite type over R.
Assume that A is quasi-finite over R and R is normal. Then if a contraction map:
Spec A —> Spec R is surjective, we have R =4 (cf. [6]).

This is known as the Zariski-Main Theorem (ZMT). If R is not integrally closed,
we can find a counter-example. Even if Spec 4 —— Spec R is surjective, A is not
necessarily integral over R (in particular, R # A). But we can show that if A4 is

Rlay, ..., ®,], each a; anti-integral over R, then the surjectivity of Spec 4 —
Spec R yields 4 = R. This result is our first motive for writing this paper (See
Section 2).

Section 1 is devoted to establishing several properties of an anti-integral extension
R{a} of R. For example:
(a) If o isintegral over R then R(a)=R][a].
(b) When o is anti-integral over a local domain (R, m) and R ;R [a], mR[a]=
R[a] if and only if R = R(a)=R[1/a] — R[a, 1/a] is a flat extension.

In Section 2, we show mainly:
(c) Whenever o is anti-integral over R, R[a] is flat over R if and only if 7, +
al, =R, where I, denotesanideal (R : pa) of R.
(d) Let 4 =R[oy,...,a,] witheach «; anti-integral over R. Assume that R
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contains an infinite field k£ and either that R satisfies the altitude formula or that 4
is quasi-finite over R (cf. [6]). Then if the contraction map ¢: Spec 4 —> Spec R
satisfies Im ¢ D Dp; (R) : ={ p €SpecR | depth R, = 1}, then A =R.

In Section 3, we introduce a ring R(J) for a fractional ideal J of R and show:
(e) If R(I4)=R(a€K), then o is anti-integral over R.

In this paper all rings are assumed to be commutative and to have an identity, and
our general references for unexplained technical terms are [2] and [4]. Throughout
this paper we fix the notation as follows (unless otherwise specified): Let R denote
a Noetherian domain, K the quotient field of R and R the integral closure of R
in K. For «a €K, I, denotesanideal (R: ga)={2€ER laa ER} of R.

1. Thering R(a).
We start with the following definition.

DeErmNITION 1.1, For a non-zero element o of K, we set R(a)=R[a]N
R[l/e] in K.

The following lemma is seen in [1, Ex. 4], but we prove this for the sake of
completeness.

LemMmA 1.2. Foranonzero a €K, R(a) is integral over R.

PROOF. We know that R can be expressed as NV, where V)’s are discrete
valuation over-rings containing R. Since V, is a valuation ring, we have that a € I3
or 1/a€Vy. So R(a)=R[a]NR[1/a] CV, foreach V. Hence R(a) CR.

Q.ED.

The following elementary lemma is useful in the sequel.

LEMMA 1.3. Fora nonzero a €K, the following statements are equivalent:
(1) « is integral over R.
(2) R(a)=R[a].
(3) a€R(a).

ProOF. (2) # (3) is obvious, (2) = (1) follows from Lemma 1.2. (1) = (2):
Let o be integral over R. Then

a"+ag a1+ ta,=0 (a; ER).

So a=—(ay+ay(lfa)+---+a,(1/a)" 1) ER[1/a], and hence R[a]C R[1/a].
Thus R[«] C R[&]NR [1/a] =R (a). QED.
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DEFINITION 1.4. Assume that R = R(a) for a non-zero a €K. Then we say
that o is an anti-integral element or that « is anti-integral over R. When « is
anti-integral over R, asimple extension R[] is said to be an anti-integral extension
of R.

The property of being anti-integral is local-global as is seen in the next lemma.

LEMMA 1.5. For a non-zero o in K, the following statements are equivalent:
(1) R(ax)=R.
(2) Rp(a)=Ry foreach p ESpecR.
(3) R,(@)=R,, foreach pEDp, (R)={pESpecR |depthR, =1}.

PROOF. (1)=(2): Take BER, (). Then
ﬁ:ana"+ .-t g =bm(1/a)m+...+b0

with a; b; € R,. Choose a common denominator d €R of a;’s and b;’s such that
d¢ p. Then df €ER(a) =R, and hence B €R,. (2)=(3)isobvious. (3)=(1):
Take B €R(a). Suppose 8§ & R. Then Iz # R. Let p be a prime divisor of I.
Then depth R, =1 (cf. [8]). Hence BER,(a)=R,, which implies that Iz ¢ p,
contradiction. Q.E.D.

RemaARK 1.6. (1) If a €K is anti-integral over R, « is also anti-integral over
Rj, foreach p €SpecR.
(2) For anon-zero a €K, « is anti-integral and integral over R if and only if o €R.

ProrosiTiON 1.7. For a nonzero o € K, the following statements are
equivalent:
(1) R[e¢]NR =R (ie, R isintegrally closed in R[a]).
(2) Forany non-zero BE€ R[a)], R(B)=R (ie, BER|a] is anti-integral ovér R).

ProoF. (2)=(1): Suppose that R[a]ﬁ]?;-ZR. Then there exists fER[a]N
R but BER. Being B ER implies that R(8) = R[B] 2 R by Lemma 1.3. Thus
R(B®) ;R. (1) = (2): Suppose that R[a]NR =R. Since’ R CR(e) CRNR[a]=
R, we have R(a)=R. For any nonzero § €R[a], we have R CR[B]NR C
R[a]NR=R. So R[B]INR =R and R(B)=R. Q.E.D.

REMARK 1.8. For each non-zero a € K, we have R(«) (a) = R(a), ie., a
is anti-integral over R(«). In other words, R[a] is an anti-integral extension of
R (@). In fact, this is implied by: R(e) (o) = R(a) [a] N R(a) [1/a] = (R[a]N
R(l/a]) [a]lNR[a]NR[1/a]) [1/a] CR[a]NR[1/a] =R(a).
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LEMMA 1.9, Let « be an anti-integral element in K over R. Let f=ua+ta
(4, a €R) with u anunitin R. Then § isan anti-integral element.

PROOF. It iseasy to see that u« is anti-integral over R. So we may assume that
u=1 and f=a+a(a€R). Let

0 —> I —> R[X] 2> R[] — 0

be an exact sequence, where R[X] is a polynomial ring and ¢(X) = 8. By [3],
we have only to show that I has alinear basis, that is, /=X (¢;X — d;)R[X] with
= d,-/c,- (¢;,d; € R). Take f(X)E€ICRI[X]. Putting Y =X —a, let g(Y)=
F(X). Since f(B) =g(a)=0 and « is anti-integral over R, we have g(Y)=
Z(a;Y — bh(Y) = Z(ai(X — a) — b)hi(X — a) =Z(a;X — (b; + a;a)) hi(X — a)
and (b; + a;a)/e; = bfa; +a=a + a = B. Thus I has a linear basis, which implies
that g is anti-integral over R. Q.E.D,

ProrosiTiON 1.10. For a non-zero a €K, if R(a) ;3& R there exists r €ER
such that ra €ER(a)\R.

ProoF. Take fE€R(a)\R. Then
(*) B=apa"+...+ao =bp(1/0)™ +--.+by

with @;, b; € R. Changing f and the expression (*), we may assume that n is the
smallest among such n’s. If n =1, then we are done. Suppose n > 1. We can
assume that g, = 0. Thus

Bla=a,a" ' +-..+a; = b, (1) +...+bo(1/a) ER(a).
By the choice of n, we have 8/a € R, and hence §=ra with » ER. Q.E.D.

COROLLARY 1.11. Foranonzero a €K, let I, =¢q, N ---Ngq, beaprimary
decomposition. Then if \/q; & Assg (R/R) for each i, then « is anti-integral over
R.

Proor. Suppose that R (@) ;2 R. Then there exists r €R such that ra €
R(a)\R by Proposition 1.10. Since I, =1, : g¥, we have I, =(q; :7r)N--.
N (gq : 7). Since ra is integral over R (Lemma 1.2), there exists i such that \/g;
€ Assg (R/R). QE.D.

REMARK 1.12. Let o« € K and let § be a multiplicatively closed subset of R.
Then (S7'R) (a) =8"'(R(«)). If an over-ring A is an anti-integral extension of
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R, S7'A4 is an anti-integral extension of $™'R and a polynomial extension A [X]
is an anti-integral extension of R [X].

2. Anti-integral extensions and flat simple extensions.

DermiITION 2.1. Let A=RJa], @ anonzero element in K. For p € SpecR,
we denote A, = Rp[a]. We say that an extension 4/R is a blowing-up at p if the
following two conditions are satisfied:

(i) p4, NRy =pRp,
(ii) Ap/pAp is isomorphic to a polynomial ring (R,/pR,) [T].

Lemma 2.2. Let (R, m) be a local domain and A = R[a], a €K (a+#0).

Assume that mA O R = m. In this case we have a canonical injection R/m —
A/mA =(R/m) [&]. Then
(1) A/R is a blowing-up at m if and only if o is transcendental over R/m (where
o denotes the residue class of a in A/mA).
(2) Assume that R contains an infinite field k. If A/R is not a blowing-up at m,
then for some u €k, 1/(a — ) is integral over R and R L Ro— )=
R[1/(e — )] *> R[a]=R[a—u, Vf(a—u)], where i isintegral and j isa
localization (flat).

ProoF. (1) is obvious. (2): By the preceding (1), a is algebraic over R/m. So
we have

(=*) a¥@m +N @™t v N,) =0 (MER/m, N,y #0)

If k>0, wecan find g # 0 in the infinite field & such that ™ + N, ™ 1 +...
+ N\, #0. So putting 8= — y, from (**) we have an algebraic relation:

Br+ MBI 4N, =0 (A, #0, N ER/m).
Let a; denote the representative of A; in R. Then we have
" +a; "1 +...+a, € mR[P].

Since a, = \, ¥ 0, we have a, ¢ m. By the expression of an element in mR [8],
we get

mem+---+b0=O

with b; €R and by =a, = N\, # 0. Hence b, isaunitin R. Multiplying 1/b,,
we have
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emBm - 1 =0

which implies that 1 /B isintegral over R. By Lemma 1.3, R(8)=R(1/8)=R [1/]
and R — R(8)=R[1/8] —&> R[B, 1/8], where i isintegraland j is a localiza-
tion (hence flat). Q.E.D.

DEFINITION 2.3. Let R —> A be a ring extension and p € Spec R. We say
that p is contracted from 4 if pA NR =p.

It is easy to see that p € Spec R is contracted from A4 ifandonly if PNR =p
for some P € Spec A if and only if pA, "R, =pR,. If A =R[a] is a blowing-up
at p € Spec R, then p is contracted from A.

LeEMMA 2.4. Let (R, m) be a local domain and A = R[a] with a non-zero
a €K, Then
(1) m is not contracted from A if and only if m4 = A. )
(2) If m is not contracted from A, then 1fa is integral over R and R L»R(a)
=R [1/a] —'——>R[a]=R [a, 1/a], where i is integral and | is flat.

ProoF. (1)isobvious. (2): Suppose that mA4 = A. Then
1=ay+ta,at- - +a,a” (a;Em).

Since 1 —ay isaunitin R, 1/a is integral over R. Hence noting that 1/a €R(a)C
R[a], wehave

R —— R(a) = R[1/a] = R[a, 1/a] = R[],
where i isintegral and j is a localization. Q.E.D.

ProrosiTION 2.5. Let (R, m) be a local domain and o a non-zero element in
K which is anti-integral over R. Assume that R[«a] ;R. Then mR[a]=R[a] if
and only if R=R(a)=R[1/a] - R[a], where j is flat.

PROOF. (=): By Lemma 2.4, 1/ is integral over R and R(a)=R(l/a)=
R[1/a] 4= R[a], where j is flat. Since « isanti-integral, R(a)=R. (=): By
assumption, a ¢ R. Since 1/a € R, we have 1/a €m, which implies that mR[a]
=R[a]. QE.D.

The ring extension R[a] of R is characterized by an ideal I, asis seen in the
following Proposition.
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PROPOSITION 2.6. Let o €K be anti-integral over R and p €Spec R. Assume
that R contains an infinite field k. Then
(1) I, ¢ p ifand only if R, =Rp[a].
(2) I, Cp but aly, ¢ p ifand only if Ry #Rpla] and p is not contracted from
Rla].
(3) I, +al, Cp ifand only if R[a]/R is blowing-up at p.

ProoF. (1): Iy Ep = a€Ry = Ry[a]=R,.

(2) (=): Since al, ¢ p, there exists b €Eal, but b &p. Hence a= bja for some
a€l, Cp. So aa=>b€EpR[a] andhence pR[a] "R ;%p. (<): By Lemma 2.4,
R, —’»Rp [1/a] ——’—»Rp[a], where i is integral and j is flat,and 1/« is integral
over Rp,. Since « is anti-integral over R,, we have R, = Ry(a)=R,(l/a) =
Rp[1/a]. Hence 1/a € Rp, which implies that ol, = Iy, ¢ p. Since pR,[a]=
R, {a), wehave Rp[a] 2R, andhence I, Cp.

(3) (=): Since Rp[a}/pRpla]=(Rp/PRp)[a], we must show that o is trans-
cendental over R,/pR,. Suppose the contrary. We have by Lemma 2.2, that 1/
is integral over R, with f=a — u for some u €k and by Lemma 1.9 § is anti-
integral over R. So 1/ €R,. Hence lg =1I,)3 ¢ p. But it is easy to see that
I, + aly = I, (R + aR) = Ig(R + BR) = Ig + I, which yields that Iz + I C p,
contradiction. («): Suppose that I, + ol € p. If I, ¢ p, then R, =R,[a] and
R[a] is not a blowing-up at p by (1). If I, Cp and al, ¢ p, then pRp[a]N
Rp # pR, by (2). Thus R[a] is not a blowing-up at p by Definition 2.1.
Therefore in any case R[a] is not a blowing-up at p. Q.ED.

In [7], the following result is shown:

Let A4 be an integral domain (not necessarily Noetherian), L its quotient field
and a=bfa€L(a, bEA,ab+#0). Thenif A[a] isflatover 4 and A is integrally
closed in L, anideal (g, b)A is invertible.

The analogous result is the following:

PRrROPOSITION 2.7. Let a €K be a non-zero element. Then
(1) If I, + al, = R then R[a] is flat over R.
(2) Assume that o = bja (a, b € R) 1is anti-integral over R. Then the following
Statements are equivalent:
(2.i) Rla} is flat over R.
Qi) I+ al,=R.
(2.ii) (a, b)R isan invertible ideal of R.

ProoF. Since I,(R + aR) = R, afractional ideal R + R isinvertible. Since
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R+aR~a(R+aR)=(aq, b)R, (a, b)R isinvertible. So Rfa] is flat (cf. [7]).

(2): (2.ii) = (2.1) follows from [7]. (2.i) = (2.iii) is shown above. (2.i) = (2.ii):
Note that p DI, + al, ifand only if R[a]/R is a blowing-up at p by Proposition
2.6. Since R[a] is flat over R, R[a]/R is not a blowing-up at any p € Spec R.
Thus [, + al, = R. Q.E.D.

ProrosITION 2.8. Let a €K beanti-integral over R. Then R{w] is flat over
R ifand only if R [1]a] is flat over R.

PrROOF. By Proposition 2.7, R[a] is flat over R <= Iy + [yjq =1y t aly, =R
= Iy + Ija =(1/a) o + I1ja =R (Note that al, =1;,,) = R[1/a] isflat over
R. Q.E.D.

LEMMA 2.9. Let a €K (o #0) and P E Spec R(a). Put p=PNR. Then
either pR[a]# R[a] or pR [1/a] #R [1}a].

ProoF. Suppose pR[a] = R[a]. Then since pRp[a]=R,[a], we have
R,(0) =Rp[1/a] by Lemma 2.4. Hence Rp(a) qDEPRp(a) DpR,(e)=pRp[1/a]
and consequently we have pR, [1/a] ¥R, [1/a}. Thus pR[1/a] #R[1/a].

Q.E.D.

The next result is well-known (cf. [7]).

LeEMMA 2.10. Let A bean overring of R. Then A is flat over R if and only
if Ap=Rpngr foreach PESpec A.

ProPOSITION 2.11. Let o be a non-zero element in K. Assume that both
Ria) and R[1/a] areflat over R. Then R(x)=R, ie., « is anti-integral over R,

ProoFr. Take P & Spec R(a) and put p=PNR. Then by Lemma 2.9, either
pR[a] # R[a] or pR[l/a] # R[l/a]. We may assume pR[a]# R[a] (by
symmetry). Then there exists Q € Spec R{a] such that Q MR =p. Since R,[a] is
flat over Rp, R, =(Rplal)g DRyla]l DR,. Hence Rp[a]=R,. Thus Rp(a)=
Rpla] " Ry[1/a] = R,. Since R(a) isintegral over R (Lemma 1.2), we have
R(a)p = Rp, which implies that R(a) is flat over R. So since R(a) is integral
over R, R(a)=R by [7]. Q.E.D.

CoROLLARY 2.12. Let a=b/a €K (a, b €R, ab # 0). Then if both R[a]
and R[1/a] are flat over R, (a, b)R is an invertible ideal of R.

ProOF. By Lemma 2.11, « is anti-integral over R. The conclusion follows
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from Proposition 2.7. Q.ED.

CorOLLARY 2.13. Let « € K be a non-zero element. Consider the following
conditions:
(1) R[a] is an anti-integral extension of R.
(2) R|«a] is flat over R.
(3) R[1/a] is flat over R.
Then two of these conditions imply the other.

Proor. If (1) holds, (2) < (3) follows from Proposition 2.8. (2) + (3) implies
(1) by Proposition 2.11. Q.ED.

We recall that: Let A be an overring of R which is of finite type over R.
Assume that R is integrally closed in K and that A is quasi-finite over R (cf. [6]).
Then the contraction map ¢: Spec A — Spec R is an open immersion, and if
furthermore ¢ is surjective, then 4 =R,

This is known as the Zariski-Main Theorem (ZMT) (cf. [6]). We extend this in
a certain sense (See Theorem 2.16). We start with a simple case.

ProrosiTION 2.14. Let o be a non-zero element in K which is anti-integral
over R. Assume that R contains an infinite field k and that R satisfies the altitude
formula. Then if the contraction map ¢ : Spec R [a} — Spec R is such that Im ¢
D Dpi(R), then R[a]=R.

PROOF. Take p € Spec R. If I, ¢ p then R[a] CRp, and hence R,[a]=
Rp. Suppose I, Cp and that p is a prime divisor of /,. Then p €Dp, (R). So
since Im ¢ O Dp,(R), we have al, C p by Proposition 2.6. Thus /T, Dval,.
Note that I, = I,_, forany p€k and R[a]=R[a—p] andthat o — u isanti-
integral over R by Lemma 1.9. We have vI,_, D V(a—u)l,_, forany p€k.
Now let ¢ be in Ht;(R) and suppose g D I,. Then R[a]/R is not a blowing-up
at ¢. Indeed, suppose that R,[a]/qR4[a] = (Ry/qRy)[T], T an indeter-
minate. Then gR,[a«] is a prime ideal and ht gR,[a]=ht gR, +tr.deggR[a] —
tr.degy (g yRql@}/gR4[a] =1 +0—1=0(k(q)=Ry/qR,) by the altitude formula,
which implies that qR,[a] =0, contradiction. Hence 1/ is integral over R for
B=a-— u (some u€k) by Lemma 2.2. Since 8 is anti-integral over R by Lemma
1.9, 1/ € R,. Thus Blg = I;;3 ¢ q, which contradicts with g D v/T5 D /BIj .
Therefore htl, > 1. But since R satisfies the altitude formula, the element « is
integral over R. Indeed, putting p = P N R for arbitrary P € Ht,(R), we have
htp =1 by the altitude formula. Thus I, ¢ p and hence a €R, C R, which
yields that a € R. Therefore R(a)=R[a] by Lemma 1.3. So R[a]=R(a)=R.

Q.E.D.
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As a corollary of the proof of Proposition 2.14, we have the following:

COROLLARY 2.15. Let « be an anti-integral element in K. Assume that R
contains an infinite field k and that R[] is quasi-finite over R. Then if the contrac-
tion map ¢ : Spec R{o] —> Spec R is such that Im ¢ O Dp, (R), then R[a]=R.

ProoOF. By the same way as in the proof of Proposition 2.14, we can show that
VI, O al,. Since R[a] is quasi-finite over R, R[a] is not a blowing-up at any
p €Spec R with pR[a]# R[a]. Hence by Proposition 2.6(3). I, + al, ¢ p for any
p € Spec R with pR[a]# R[a]. So VI, O +/al, implies that I, ¢ p for any
p €ESpec R with pR[a] # R[a]. Thus a €R, forany p €SpecR with pR{«a]
# R[a]. Butsince Im ¢ O Dp; (R), wehave pR{a]#R[a] forany p €Dp,(R)
and hence R =N R, D NRp[a] D R[a] (p €Dp;(R)), which implies that R =
Rla]. Q.ED.

THEOREM 2.16. Assume that R contains an infinite field k and that R
satisfies the altitude formula. Let A =R[oy, ..., a,] with a; €K anti-integral
over R. Then if the contraction map ¢ : Spec A — Spec R satisfies Im ¢ D
Dp,(R), then A =R.

Proor. From the commutative diagram:

Spec 4 Spec R [«;]

] ®;

Spec R

we have Im ¢; O Im ¢ D Dp,;(R). Thus o; €ER for each i by Proposition 2.14. So
A=R. Q.E.D.

COROLLARY 2.17. Under the same assumption as in Theorem 2.16, the follow-
ing statements are equivalent:
(1) ¢ isa surjection,
(2) A is integral over R.
(3) A=R.

COROLLARY 2.18. Let A =Ry, ..., a,]| with non-zero «; anti-integral
over R. Assume that R contains an infinite field k and that A is quasi-finite over
R. Then if the contraction map ¢ : Spec A — Spec R satisfies Im ¢ D Dp,(R),
then A =R.
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REMARK 2.19. let A and R be the same as in Thoerem 2.16 or Corollary
2.18. If A isintegral over R, ¢ : Spec A — Spec R is obviously surjective. But
the surjectivity of ¢ does not necessarily ensure the integrality of A over R. For
example: 4 =k [T, 1/(T—1)] Dk[T] DR =k[T(T-1), T(T—-1)], where k
is a field. Theorem 2,16 asserts that if A is anti-integral over R, the surjectivity of
¢ ensures the integrality of 4 over R.

3. Thering R(J,) and the anti-integrality of «.
We introduce the following over-ring of R.

DerFINITION 3.1. Let J be a fractional ideal of R. Define
R(J) ={a€KiasCT}.

It is easy to see that R(J) is an over-ring of R which is integral over R and
R(Jp)=R(J), forany p €SpecR (cf. [5]).

PropOSITION 3.2, Let J be an integral ideal of R. Then the following state-
ments are equivalent:
(1) R(J7YY=R (where J7' =(R : xJ)=Homg(J, R)).
(2) Jp isa principal ideal of R, for each p €Dp,(R).

PrOOF. (2) = (1): Since R = N R, (p EDp,(R)), we have only to show that
R(J')CR, forany p€Dp,(R). As J,=aR, forsome a€ER, J;' =a'R,.
So we have R, C R(J,') = R(a"R,) CR,. The containment R(J"!)CR(/;")
is obvious. Thus R(J™') CR(J;') CRp, as wanted. (1) = (2): We may assume
that (R, m) is a local domain and that m € Dp,(R). If R is a discrete valuation
ring, R is a principal ideal domain. Hence J is a principal ideal of R. Suppose that
R is not a discrete valuation ring. Then m : gm # R. If there exists ¢ €J ! =
Homg (J, R) with ¢(J) =R, an exact sequence: J 2,R—0 splits. Since rank
J=1, we have J=R. So we suppose that ¢(J)#R forany ¢ E€J'. In this case,
#(J)Cm. Forany a €m :xm, a¢(J)C am Cm CR, and hence aER(J ).
Thus m : gm C R(J™'). Butsince R(J ) Dm: gm ;R, we have R=R(J )
;R, contradiction. Q.E.D.

ProrosITION 3.3, Let J be divisorial integral ideal of R. Then if R(J ™)
=R, there exists a non-zero a €K such that J=1,.

Proor. We first show the following Claim:

Cram. If p €Dp,(R) contains J, then p isa prime divisor of J.

(Proof) Since R(J™') =R, J, =aR, forsome a €J by Proposition 3.2. As
PR, is a prime divisor of a principal ideal aR, =J, (cf. [8]), p is a prime divisor
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of J.

Let J=¢qg, N---Ng, (\/E,—- = p;) be a primary decomposition. Then p; €
Dp, (R) because J is divisorial. Put S=R\Up;. Then 4 : =S 1R is semi-local
and each maximal ideal of A is of depth one. Since JA is invertible by Claim above,
and since A is semi-local, J4 is a principal ideal. So there exists a €J such that
JA = aA. Hence we have a primary decomposition:

aR:Chn"'nCIanln"'an (VQi=Pi7Pi:'épla--"pn)

Suppose P; O J for some i. Then P; €Dp;(R) implies that P; is a prime divisor of
J by Claim. But since the prime divisors of J are p,,. .., p,, thisisabsurd. Hence
J G P; forall i=1,...,m. Nextwe will show that P; ¢ p; for any i,j. Suppose
that P; C p;. Then JR p; = @Rp, and a € P; implies JRp; C PRp;. Thus J C P;,
contradiction. Hence we have

01N---NQmEpy,...,0n

So there exists bEQ, N---NQ,,, b&py,...,0,. Wehave (aR : gbR)=¢q, N
---Ngq, =J. Putting a=bja €K, wehave I, =(aR : pbR) = J. Q.E.D.

ProrosITION 3.4. Let o be a nonzero element in K. If R(I,) =R, then
R(a)=R, ie, o isantiintegral over R.

ProoF. CrLamM 1: For each p € Dpi(R), (Iu)p =Rp or (11a)p =Rp.
(Proof) Let p €Dpy(R). If I, ¢ p then (I,), = Rp. Suppose that I, Cp and
Iyjo C p. Then (I,), = aR, for some a €1, by Proposition 3.2. So aaR, =
a(le)p =(o)p = (I1ja)p € PRp. Thus aa =r for some r € pR, and a =r/a.
So aR, = (Iy)p =(aRp : Rer p), which asserts that @, 7 is an R,-regular sequence.
But depth R, = 1, contradiction. Therefore (I4), =R, or (Iy;4)p = Rp.

Cram 2: If R(I) =R then I, +1;, ¢ p for each p €Dp;(R). (Proof)
Suppose that 1, + 1), Cp with p € Dp;(R). Then both (), and (Iy;4), are
principal ideals in R, by Proposition 3.2. But by Claim 1, (Io), =Rp or ({y;a)p =
Rp. This contradicts with (Iy)p + (I1ja)p CPRp.

Thus for p €Dpy(R), Iy +11jo ¢ p by Claim 2. Hence a €ER, or 1/a ER,.
Therefore R{a) =R[a] N R[l/a] CR, forall p € Dp,(R). So R(a) =R by
Lemma 1.5. QE.D.

COROLLARY 3.5. Let J be an invertible ideal contained in R. Then there
exists an anti-integral element « of K such that J=1,.

PROOF. Since R(J™') =R by Proposition 3.2, J =1, for some non-zero a in
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K by Proposition 3.2. Hence R(a)=R by Proposition 3.4. Q.ED.

REMARK 3.6. The converse of Proposition 3.4 does not necessarily hold as is
seen in the following example:

Let (R, m) be a Noetherian local domain such that Assg (R/R)= {m}, ht m>
1. Take o« €K such that I, =g, N.-.Ngq,; where g; is a primary ideal with
ht g; = 1 for each i. Then v/g; & Assg (R/R) implies that R(a)=R by Corollary
1.11. But since depth R = 1, I, can not be a principal ideal, and hence R(/,)#R
(cf. Proposition 3.2).

We are grateful to the referee for his helpful comments.
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