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§0. Introduction.

Let % be a tame oriented link in a 3-space R3. £ is sait to be E-cobordant to
alink £ (or 2 and % are E-cobordant), denoted by ¢ > ', if there are mutually
disjoint proper annuli 9 in R> [a, b] = {(x, »,z, t) ER* la <t < b} satisfying the
followings:

(i) ANR¥[a] =82 U N R*[b]= -2 andeach of A contains a com-

ponent of £ and one of —9', where —R' means the reflective inverse of 2’

(i) each annulus 4 of ¥ isnon-singular except for finite points Py, ..., P,
in the interior of A4 such that for B = N(P;: R*), (8B;, 3B} N A4) isa Hopf
link, [13], where N(x : X) means the regular neighborhood of x in X.

A is called E-annuli (between 2 and R').

Especially if E-annuli ¥ are level preserving, i.e., 9 have neither minimal nor
maximal points, R is said to be homotopic to £’ (or £ and £’ are homotopic)
and moreover each annulus of 9 is non-singular, £ is said to be isotopic to &' (or
2 and &' are isotopic) and each annulus is non-singular locally flat, 2 is said to
be ambient isotopic to %' (or % and ' are ambient isotopic) and denoted by
e~

If E-annuli % are non-singular, £ is said to be semi-cobordant to 2' (or 2 and
2" are semi-cobordant) and denoted by £ i 2", Especially if 2 are locally flat and

non-singular, ¢ is said to be cobordant to &' (or % and Q' are cobordant) and
denoted by 2~ &', [2], [13].

We know that cobordism implies homotopy by [4], [5] and E-cobordism is
equivalent to homotopy by [13]. Therefore the relations among these concepts are
the following.
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Let € and 2 be E-cobordant (or homotopic) links and ¥ the annuli between
2 and &'. If there is a point P in the interior of 9 such that P is not locally flat,
we modify N(P:A) in N(P:R*) suchthat P islocally flat point by adding to the
singularity of ¥, see the proof of Theorem 1.4 in [13]. Hence we assume that if ¢
and &' are E-cobordant (or homotopic), the E-annuli between £ and ' are locally
flat from now on.

In this paper, we consider the homotopy of links.

In §1, we study the homotopy of compound links and prove that the homotopy
type of compound links of a faithful pair is same in Theorem 1.3, Corollary 1.5. In
§2, we define a fusion between two ordered links which are splitted to each other and
consider the homotopy of links obtained by the fusion. In §3, we consider some
extensions of §1 and prove Theorem 3.1, 3.4 and 3.5.

Throughout this paper, we consider in the piecewise linear category.

§1. Homotopy of compound links.

Let V* be a trivial solid torus and f a faithful homeomorphism of ¥* onto a
solid torus V. Foralink 2% in V*, we denote f(2*) by R and 2%, { are called
the links of a faithful pair. And o(%) means the minimum of number of 2 N M for
a meridian disk M in V.

By [11], [13] and [14], the followings are known.

Lemma 1.1. ({11}, [14]). Let f* R and V* V be those of the above and
c¥ c coresof V¥,V respectively. If ¢~ c*, then 2~ 2%,

LEmma 1.2.([13]). Homotopy is equivalent to E-cobordism.
By Lemmas 1.1 and 1.2, we obtain the following.

THEOREM 1.3, Let %% gnd £ be links of a faithful pair. Then R is homotopic
to L*.

ProoF. If 0(2)=0, 2 is ambient isotopic to £* in R3.

Hefice we assume that p = o(2) > 0. Take a solid torus U with a core —¢
which is splitted from ¥ in R>. Let L be a non-twisted parallel link each of which
is parallel to —¢ with p-component in U such that I(%, M) = ~I(L, My), where
My, My are the meridian disks of ¥, U respectively and 7(x, X) means the inter-
section number of x in X, see Fig. 1 (a). Since V and U are splitted, QUL is
splitted, denoted by £ o L. We can assume that #(R N M) = #(L NMy)=p by
choosing My, My suitably, where #(x) means the number of points. Take a 3-ball
B in R® -V -U suchthat BNV, BN My consist of a disk, an arc and also
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(@ (b) (©)

Fig. 1

BNU, BNMy adisk, an arc respectively. Let D be a proper disk in B such that
DNV=DNMy and DNU=DNMy, see Fig.1(b), and let M =My UMyUD.
Then M is a proper disk in W= ¥V U U U B. Perform the fusion of 2o L (see the
definition in §2) illustrated in Fig. 1 (¢) in Vo = W - N(M : W) which is a solid
torus and hence we obtain a link &, in V,. Asthe core of V, isthe product of ¢
and —c which is cobordant to zero, &, is cobordant to 2f for a faithful pair &F, %
by Lemma 1.1. As L is non-twisted and parallel, L* is a trivial link for a faithful
pair L* L. Hence 92 is ambient isotopic to 2*. Moreover as L is non-twisted and
parallel, L is a boundary link and so L is homotopic to zero (namely L is homo-
topic to a trivial link) by [1], [7], [8] and [15]. As L is spliited from 2, we see
that £ ™.
Therefore 2 is homotopic to 2* by Lemma 1.2,

CoROLLARY 1.4, For links 2%,  of a faithful pair, £ is homotopic to zero if
and only if * is homotopic to zero.

Let f be a faithful homeomorphism of a solid torus V onto V'. Foralink 2
in ¥V, we denote f(R) by &'. Then,

COROLLARY 1.5. Let £, %' be those of the above. Then % is homotopicto %'.

REMARK 1.6. There are links £, 2* such that ¢ is not isotopic to 2* by [8]
and that £ is not semi-cobordant to £* by [13].

§2. Homotopy of links obtained by a fusion.

Let £ be alink with m-component and 8 = B, U. ..U B, mutually disjoint n
disks such that B; N ¢ = aB; N 2 which consists of two arcs with orientation
coherently for i=1,...,n. If 2 =2+ 3% is a link with (m—n)-component (or
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(m+n)-component), we say that 2 is obtained by a fusion (or a fission) of £ and
that B are the disks of fusion (or fissiorn), where + means the homological addition.

let L=K, U...UK,, L'=K; U...UK, beordered n-component links
such that LUL ~LoL' in R® and B =B,U...UB, the disks of fusion of
Lol suchthat B;NK;# ¢, B;NK;# ¢ foreach i=1,..., n. Then the link
obtained by this fusion is denoted by L gL' or simply by L #L' and L #L' is

called a link obtained by a fusion between L and L' and 9B are called the disks of
fusion between L and L'. For example the links £,,%, illustrated in Fig. 2 (b), (c)
are obtained by fusions between a link L and its reflective inverse —L. For two

L 2, 2,
(@) (b) (©
Fig. 2

knots K and K', K#K' is unique under cobordism, [3], [12]. But unfortunately
L#L’' isnot only unique under cobordism but also under homotopy which is pointed
out by Y. Nakanishi. For example £, is homotopic to zero and €, is the Borromean
rings which is not homotopic to zero by Theorem 5.1 in [9] and the Borromean rings
is not cobordant to zero. (If L, L' are links with 2-component, L #L' is unique
under homotopy by [7], [8]. Butevenif L, L' are 2-component, L #L' is not
unique under cobordism. )
First of all, we prove the following.

THEOREM 2.1. Let 9, R be linksin R3. Then % is homotopicto ¥ ifand
only if there is a fusion between R and —%' such that R#(—X") is homotopic to zero.

To prove Theorem 2.1, we prepare some lemmas.

Let 8=k, U...Uk, and ® =kj U...Uk, be homotopic links and % =
A, U . ..U A4, level preserving E-annuli between £ and &'. Recall that 9 are
locally flat. The singularity of %, 4; are denoted by S(U), S(4;) respectively.
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By Lemma 4 in [10], we obtain the following,

LEMMA 2.2. Let %, %" and N, A; be those of the above, Then % is homotopic
to 2 if and only if there is a non-singular locally flat surface § =F, U .. . UF, of
genus zero in R [0, 2] satisfying the followings:

(i) & has neither minimal nor maximal points.

(i) 93 NR30] =% dFNR3[2]=—L' o @o...o® agnd IF;NR3[0]
~k; 0F;NR3[2] ~ —kjo @o ...0o @ foreach i =1,...,n wherethe
numbers of Hopf link coincide with those of S(9), S(A;) respectively.

(ii) There are mutually disjoint disks B in R3[1] such that B [0] are the
disks of fission of £ and

& - (8[0] x[0,2]) = (R—8[0])x [0, 2],
where X [i] means X x(—eo, )NR3[i].

By Lemmas 1.2 and 2.2, we obtain the following.

LEmMMA 23. Foralink L=k, V... Uk,, ¢ is homotopic to zero if and only if
there is a non-singular locally flat proper surface Ty =F, U ... UF, ofgenus zero in
R3[0,2] with 3T, NR3[0] =~ &, OF; NR3[0] ~k; and 3T, NR3[2], 3F;N
R3 (2] consist of some Hopf links respectively which are splitted to each other.

PROOF of THEOREM 2.1. First of all assume that ¢ is homotopic to £'. Then
there is a surface & satisfying Lemma 2.2 for £ C R3[0], &' C R®*[2]. Since £’
and Ly =9F NR3[2] — &' are splitted, there is a 3-ball £ in R>[2] such that
EDQ and ENLy=¢.

Take a proper disk D in E such that DN (2 U B[2]) = ¢. Let L be alink in
a connected component £, of E£-—D which does not contain 2 such that L is
symmetric to ' with respect to D in E. Then L is ambient isotopic to —2'. Since
2'NEy,= ¢, ¢ and L are splitted to each other.

Perform a fusion between &' and L such that 2’ #L is symmetric with respect
to D and the disks € of fusion between 2’ and L does not intersect with B[2].
As Eo N (2 ULy UB[2]) =¢, E¢[0] doesnot contain 2. So £ and L [0] are
splitted to each other. Hence 2#L[0] can be defined by € [0]. Since FN(L x
[0,2)=¢, Fo =(FULx[0,2] —(LUL)N3E)x [0,2])UIC - —Lx
[0, 2] is a non-singular locally flat proper surface of genus zero in R*[0, 2] with
3%y NR3[0] ~ Q#L[0] and 8F, NR3[2] ~ ('#L)oLy. As R #L is
symmetric with respect to D in E, ' #L is cobordant to zero by Lemma 2 in [6].
Hence 2#L[0] is homotopic to zero and as L ~ —R', we obtain that 2 #(-2")
is homotopic to zero by Lemma 2.3.

Conversely assume that there are disks B of fusion between £ and —R' in
R3[0] suchthat 2#(—2') is homotopic to zero. Then L#(—R') -8B =00 (—L").
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As 2 #(—1") is homotopic to zero, there is a surface T satisfying Lemma 2.3. Hence
9 =F U B is a non-singular surface of genus zero in R® [0, 2] with 9% NR3 [0]
=Ro(-2") and 3% NR?*[2] consists of completely splitted Hopf links. Therefore
we see that €7 2, namely ¢ is homotopic to ' by Lemma 1.2.

QUuESTION 2.4. Is Theorem 2.1 true if “homotopic’ replaces by “isotopic™ or
“cobordant™?

REMARK 2.5. The followings are true with respect to cobordism.

(i) If 2#(—2')~0 for a fusion between £ and —{', then &~ ',

(i) If 2~ Q' there are a link L in R® and the disks B, B’ of fusion
between £ and —L, L and —8' such that Qéﬁ(-L)“’O and L§(—Q')~O.

THEOREM 2.6. Let R; and 2;4, be homotopic links with n-component for
i=1,2. Then there are fusions between %, and %,,8%; and %4 such that 2, # %,
is homotopic to %3 #4,.

PROOF. As %; and %;,, are homotopic, there are surfaces &; and disks B;
satisfying Lemma 2.2 for i=1, 2, where £;, 9, C R®[0] and %5, & C R3[2].
There is a 3-ball £ in R3[2] with £N3(F UF,)=(-2)U(—2). Let B be
the disks of fusion between —€3; and —%, in E such that 8 N (B, [2] UB,[2]) =
¢. Then §=(3,US, — 38N (T, UT,)x[0,2DHU@B—5; —F)x[0,2] isa
non-singular surface of genus zero in R3[0,2] with a8 NR3[0] =&, #% and %
NR3[2] =(—%3) #(—L) o @ o... o @ by Lemma 2.2 (iii). Therefore 2, #%, is
homotopic to 23 # 2,.

By using Lemma 1.2, the followings are obvious.
THEOREM 2.7. Let % be a link homotopic to zero. For a link 2, there isa
fusion between  and {' such that % #R' is homotopic to zero, R' is also homo-

topic to zero.

THEOREM 2.8 Let % and R be homotopic links and %, homotopic to zero.
Then for any fusion between % and %,,% and %, % #%, is homotopic to &' #%.

COROLLARY 2.9. Let R, %' be homotopic to zero. Then for any fusion between
2 and %', L # &' is homotopic to zero.

§3. Homotopy of links in solid tori.

In this section, we consider the links in solid toriin R*® and prove Theorems 3.1
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and 3.4 which are the extention of Theorem 1.3.

Let 8*=VyU...UV,; bemutually disjoint n solid toriin R> such that
I*=c¢fU...Uey isa trivial link for a core ¢ of ¥, i=1,...,n and f an
orientation preserving homeomorphism of B* onto B =V, U ... UV, such that
flys: V¥ >V, isfaithful for i=1,...,n Foralink *=¢f U...UQ] in
B* (or ¥ in V"), we denote £(2*) (or £(2")) by ¢ (or £;).

In this section, we consider the cases that I" is a boundary link and that T is
semi-cobordant to zero and prove Theorems 3.1 and 3.4.

THEOREM 3.1. With the above situation, if T = f(I'*) is a boundary link, 2
is homotopic to 2%,

To prove Theorem 3.1, we perform the similar discussion to that of Theorem 1.3,
Lemma 3.2 is an extention of Lemma 1.1 which can be obtained by the same
proof with that of Lemma 1.1.

LEMMA 3.2. ([14]). Let T, T'*, R and R* be those of the above. If T ~T'%,
then 2~ 9%,

PROOF of THEOREM 3.1. If thereisalink ¢ in V;* such that o(2;) =0 for
some i, 8= U.. .U ~®R—-2)o%~(2—2)o " Moreoveras I' isa
boundary link, T' — ¢; is also a boundary link. Hence to prove Theorem 3.1, it is
sufficient to do that £ — €; is homotopic to 2* — ¢;*. So we assume that p; =
0(2)>0 foreach i=1,...,n.

Take mutually disjoint n solid tori W =U, U.-.U U, in R® with cores
—I'=(—c)V...U(—¢c,) suchthat U issplitted from =V, V... UV,. Let L;
be a non-twisted parallel link with prcomponent in U; such that I(%;, My,) =
~I(L;, My;), see the proof of Theorem 1.3,and L =L;U...UL,. Since B and
U are splitted, TU (—I") = "o (-T") and LU L =~ Qo L. Hence there are the disks
B of fusion between I’ and -T such that T g(-l") ~Q(=T* #(-T*)) by

Lemma 2 in [6]. By B, U and B, we can obtain mutually disjoint » solid tori
Bo =VipU...UV,, with cores T g(—r‘) in R® such that B, contain a link

£, obtained by a fusion of € U L, where the constructions of By, £, are the same
to those in the proof of Theorem 1.3. Hence £, is cobordant to 25 by Lemma 3.2
and 85 ~ 0*. Moreover as —TI' is a boundary link and L; is non-twisted parallel to
—c¢; for each i, L is also a boundary link. So L is homotopic to zero by [1], [7],
[8] and [15]. Hence 2 is E-cobordant to R%, namely 2 is homotopicto 2% by
Lemma 1.2,

By Corollary 1.3.1 in [13], we obtain the following.
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LemMMA 3.3. Let T, T'* be those of Theorem 3.1. If '=¢,U...Ug¢, o
I'*(=0), then T~cyo...°¢p.

By Lemma 3.3, we obtain the following.

THEOREM 3.4. Let I''T*, 8=0 U... UL, and L* =0 U ... ULF be
those of Theorem 3.1. If T -~ T'*, then & is homotopic to 2*.

PROOF. As I' ~ .T* 2= U.. UL~ o...08, byLemmas3.2,3.3

and each £; is homotopic to 2 by Thorem 1.3. So £, 0...09, is homotopic to
¢* =% o...0Qx Hence 2 ishomotopicto 2*.

As an extention of Theorem 3.4, we consider the following case.

Let 8=V, U...UV,, B =V, U...UV, bemutually disjoint solid tori and
g an orientation preserving homeomorphism of B onto B’ such that g v; Vi~ Vi
is faithful. Let ¢; ¢; be cores of V;, V; respectivelyand I'=¢; U...Ug,, I''=
ciU...Ucy,. Foralink ¢ in 8, we denote g(2) by 2.

THEOREM 3.5. If I‘;’-m.l"', then & is homotopic to 2.

PROOF. Llet L=Cy0...0C, for C;=c; #(—c;) in R® — B’ which is
splitted from T’. Perform a fusion between I"" and L and we obtain alink T'" =
I #L. We can construct mutually disjoint solid tori 8" = ViU ... UV, with core
I'" and alink 2" in B” such that g'(2)=14" for a faithful homeomorphism g’ of
B onto B" by the same proof to that of Theorem 1.3. As I'~T" by Theorem 1.5
in [13], 2~ ¢" by Lemma 3.2. Moreover as " is obtained by a fusion between I'
and L=Cyo...0C, R isE-cobordantto 2 by the same proof to that of
Theorem 1.3. Hence 2 is homotopicto £'.

REMARK 3.6. In Theorem 3.5, we can not replace “semi-cobordant” by ‘“homo-
topic”. Namely there are links T, T*, ¢ and 2* suchthat T' is homotpic to I'*
but £ is not homotopic to £*, for example see Figures 3 and 4 in [7].
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