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ON THE HOMOTOPY OF LINKS 

§0. Introduction. 

By Tetsuo SHIBUYA 

(Received December 1, 1986) 

Let Q be a tame oriented link in a 3-space R 3
. Q is sait to be E-cobordant to 

a link Q' ( or Q and Q' are E-cobordant ), denoted by Q E Q ', if there are mutually 

disjoint proper annuli SU in R 3 
[ a, b] = 1 ( x, y, z, t) E R4 I a~ t ~ b \ satisfying the 

followings: 
(i) SU n R3 [a] = Q, m n R3 [b]= -Q' and each of m contains a com­

ponent of Q and one of -Q', where -Q' means the reflective inverse of Q'. 

(ii) each annulus A of m is non-singular except for finite points P1, ... , Pn 
in the interior of A such that for Bt = N (P;: R 4), (aBt, aBt n A) is a Hopf 
link, [13], where N(x: X) means the regular neighborhood of x in X. 

m is called E-annuli (between Q and Q'). 
Especially if £-annuli m are level preserving, i.e., m have neither minimal nor 

maximal points, Q is said to be homotopic to Q' (or Q and Q' are homotopic) 
and moreover each annulus of SU is non-singular, Q is said to be isotopic to Q' (or 
Q and Q' are isotopic) and each annulus is non-singular locally flat, Q is said to 
be ambient isotopic to Q' (or Q and Q' are ambient isotopic) and denoted by 
Q ~ Q'. 

If £-annuli m are non-singular, Q is said to be semi-cobordant to Q' (or Q and 
Q' are semi-cobordant) and denoted by Q ~. Q'. Especially if m are locally flat and 

semi 

non-singular, Q is said to be cobordant to Q' (or Q and Q' are cobordant) and 
denoted by Q ~ Q', [2], [13]. 

We know that cobordism implies homotopy by (4], [5] and £-cobordism is 
equivalent to homotopy by (13]. Therefore the relations among these concepts are 
the following. I ambient isotopy I 

~~ 
l ' ~-◄----r,~E::---co--:b-o-r7d1:--·sm-7 
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Let Q and Q' be E-cobordant (or homotopic) links and SlC the annuli between 
Q and Q '. If there is a point P in the interior of SlC such that P is not locally flat, 
we modify N(P:A) in N(P:R 4

) such that P islocallyflatpointbyaddingtothe 
singularity of Sll, see the proof of Theorem 1.4 in (13]. Hence we assume that if Q 

and Q' are E-cobordant (or homotopic), the £-annuli between Q and Q' are locally 
flat from now on. 

In this paper, we consider the homotopy of links. 
In § 1, we study the homotopy of compound links and prove that the homotopy 

type of compound links of a faithful pair is same in Theorem 1.3, Corollary 1.5. In 
§ 2, we define a fusion between two ordered links which are splitted to each other and 
consider the homotopy of links obtained by the fusion. In §3, we consider some 
extensions of§ 1 and prove Theorem 3.1, 3.4 and 3.5. 

Throughout this paper, we consider in the piecewise linear category. 

§ 1. Homotopy of compound links. 

Let V* be a trivial solid torus and f a faithful homeomorphism of V* onto a 
solid torus V. For a link Q* in V*, we denote f (Q*) by Q and Q*, Q are called 
the links of a faithful pair. And o (Q) means the minimum of number of Q n M for 
a meridian disk M in V. 

By (11], (13] and (14], the followings are known. 

LEMMA 1.1. ([11], [14]). Let Q*, Q and V*, V be those of the above and 
c*,c coresof V*, V respectively. If c~c*, then Q~Q*. 

LEMMA 1.2. ([13]). Homotopy is equivalent to E-cobordism. 

By Lemmas 1.1 and 1.2, we obtain the following. 

THEOREM 1.3. Let Q* and Q be links of a faithful pair. Then Q is homotopic 
to Q*. 

PROOF. If o(Q) = 0, Q is ambient isotopic to Q* in R 3 . 

Hence we assume that p = o (Q) > 0. Take a solid torus U with a core -c 
which is splitted from V in R 3

. Let L be a non-twisted parallel link each of which 
is parallel to -c with p-component in U such that I(Q, Mv) = -I(L, Mu), where 
Mv, Mu are the meridian disks of V, U respectively and I(x, X) means the inter­
section number of x in X, see Fig. 1 (a). Since V and U are splitted, Q UL is 
splitted, denoted by Q o L. We can assume that #(Q n Mv) = #(L nMu) = p by 
choosing Mv, Mu suitably, where #(x) means the number of points. Take a 3-ball 
B in R3 - V - U such that B n V, B n M v consist of a disk, an arc and also 
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B n U, B n Mu a disk, an arc respectively. Let D be a proper disk in B such that 
D n V=D nMv and D n U=D nMu, see Fig. I (b), and let M=Mv UMu UD. 
Then M is a proper disk in W = VU U U B. Perform the fusion of Q O L (see the 
definition in §2) illustrated in Fig. 1 (c) in V0 = W- N(M: W) which is a solid 
torus and hence we obtain a link Q0 in V0 . As the core of V0 is the product of c 

and -c which is cobordant to zero, Q0 is cobordant to Q3 for a faithful pair QJ', Q0 

by Lemma 1.1. As L is non-twisted and parallel, L* is a trivial link for a faithful 
pair L *, L. Hence QJ is ambient isotopic to Q *. Moreover as L is non-twisted and 
parallel, L is a boundary link and so L is homotopic to zero (namely L is homo­
topic to a trivial link) by [1], [7], [8] and [15]. As L is splitted from Q, we see 
that Qi Q*. 

Therefore Q is homotopic to Q * by Lemma 1. 2. 

COROLLARY 1 .4. For links Q*, Q of a faithful pair, Q is homo topic to zero if 
and only if Q * is homotopic to zero. 

Let f be a faithful homeomorphism of a solid torus V onto V'. For a link Q 

in V, we denote f(Q) by Q'. Then, 

COROLLARY 1.5. Let Q, Q' be those of the above. Then Q is homo topic to Q '. 

REMARK 1.6. There are links £, Q* such that Q is not isotopic to Q* by [8] 
and that Q is not semi-cobordant to Q * by [13]. 

§ 2. Homotopy of links obtained by a fusion. 

Let Q be a link with m-component and !8 = B1 U ... U Bn mutually disjoint n 
disks such that Bi n Q = asi n Q which consists of two arcs with orientation 
coherently for i = 1, ... , n. If Q' = Q + aia is a link with (m-n)-component (or 
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(m+n)-component), we say that Q' is obtained by a fusion (or a fission) of Q and 
that 58 are the disks of fusion (or fission), where+ means the homological addition. 

Let L = K1 U ... U Kn, L' = K~ U ... UK~ be ordered n-component links 
such that L u L' ~ L o L' in R 3 and 58 = B 1 U ... U Bn the disks of fusion of 
L o L' such that Bin Ki =I=¢>, Bin Ki =I=</> for each i =I, ... , n. Then the link 
obtained by this fusion is denoted by L #L' or simply by L # L' and L # L' is 

~ 

called a link obtained by a fusion between L and L' and ~ are called the disks of 
fusion between Land L'. For example the links Q1 ,Q2 illustratedinFig.2(b),(c) 
are obtained by fusions between a link L and its reflective inverse -L. For two 

00 
@@ 

L -L 

(a) (b) (c) 

Fig. 2 

knots K and K', K #K' is unique under cobordism, [3], [12]. But unfortunately 
L # L' is not only unique under cobordism but also under homotopy which is pointed 
out by Y. Nakanishi. For example Q1 is homotopic to zero and Q2 is the Borromean 
rings which is not homotopic to zero by Theorem 5.1 in [9] and the Borromean rings 
is not cobordant to zero. (If L, L' are links with 2-component, L # L' is unique 
under homotopy by [7], [8]. But even if L, L' are 2-component, L #L' is not 
unique under cobordism.) 

First of all, we prove the following. 

THEOREM 2.1. Let Q, Q' be links in R 3
. Then Q is homotopic to Q' if and 

only if there is a fusion between Q and -Q' such that Q#(-Q') is homotopic to zero. 

To prove Theorem 2.1, we prepare some lemmas. 
Let Q = k 1 U ... U kn and Q' = k~ U ... U k'n be homotopic links and S[( = 

A I U ... U An level preserving £-annuli between Q and Q'. Recall that S[( are 
locally flat. The singularity of 5U, Ai are denoted by S ( S[( ), S (Ai) respectively. 
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By Lemma 4 in [10], we obtain the following. 

LEMMA 2.2. Let Q, Q' and 9!, Ai be those of the above. Then Q is homotopic 
to Q' if and only if there is a non-singular locally flat surface ff = F 1 U ... U Fn of 

genus zero in R 3 [O, 2] satisfying the followings: 
(i) tr has neither minimal nor maximal points. 
(ii) aff n R 3 [O] :::::J Q, a ff nR 3 [2] :::::J-Q' o ® o ... o ® and aFi nR 3 (OJ 

:::::J k;, aF; n R 3 (2J :::::J -k1 o ® o ... o ® for each i = 1, ... , n, where the 

numbers of Hopf link coincide with those of S ( m ), S (A;) respectively. 
(iii) There are mutually disjoint disks !8 in R 3 [1 J such that !8 [OJ are the 

disks of fission of Q and 
ff - ( !8 [OJ x (0, 2)) = (Q - !8 [O]) x (0, 2), 

where X[iJ means Xx(-oo, oo)nR 3 [i]. 

By Lemmas 1.2 and 2.2, we obtain the following. 

LEMMA 2.3. Fora link Q = k 1 U ... U kn, Q is homotopic to zero if and only if 
there is a non-singular locally flat proper surface ff O = F 1 U ... U F n of genus zero in 

R 3 [O, 2J with al} 0 n R 3 [OJ :::::J Q, aFi n R 3 [OJ :::::J k; and aff O n R 3 [2], aF; n 
R3 [2J consist of some Hopf links respectively which are splitted to each other. 

PROOF of THEOREM 2.1. First of all assume that Q is homotopic to Q'. Then 
there is a surface ff satisfying Lemma 2.2 for Q c R 3 [O], Q' C R 3 [2J. Since Q' 

and LH = aff n R 3 [2] - Q' are splitted, there is a 3-ball E in R 3 [2J such that 
E --:J Q' and E n L H = </). 

Take a proper disk D in E such that D n (Q' U !8(2)) = </). Let L be a link in 
a connected component E O of E - D which does not contain Q' such that L is 
symmetric to Q' with respect to D in E. Then L is ambient isotopic to -Q'. Since 
Q' n E O = </), Q' and L are splitted to each other. 

Perform a fusion between Q' and L such that Q' # L is symmetric with respect 
to D and the disks @: of fusion between Q' and L does not intersect with lB [2]. 
As £ 0 n (Q' U LH U lB [2]) = </), E0 [OJ does not contain Q. So Q and L [O] are 
splitted to each other. Hence Q # L [OJ can be defined by @: [O]. Since F n (L x 
[O, 21) = </), Ero = (ff UL x [O, 2J - ((Q' UL) n a@:) x [O, 21)) u a@:- Q' - L x 
[O, 2J is a non-singular locally flat proper surface of genus zero in R 3 [O, 2J with 
iH~o n R 3 [OJ ~ Q#L [OJ and al} 0 n R 3 [2] :::::J (Q' #L)o LH. As Q' #L is 
symmetric with respect to D in E, Q' #L is cobordant to zero by Lemma 2 in [6]. 
Hence Q#L [OJ is homotopic to zero and as L :::::J -Q', we obtain that Q #(-Q') 
is homotopic to zero by Lemma 2.3. 

Conversely assume that there are disks \S of fusion between Q and -Q' in 
R 3 [0] such that Q#(-Q') ishomotopictozero. Then Q#(-12')-a!B=Qo(-Q'). 
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As Q #(-Q') is homotopic to zero, there is a surface ff satisfying Lemma 2.3. Hence 
sir = ff u lB is a non-singular surface of genus zero in R 3 [O, 2J with a sir n R 3 [OJ 
= Q o (-Q') and a sir n R 3 [2J consists of completely splitted Hopf links. Therefore 
we see that Q 'ii Q', namely Q is homotopic to Q' by Lemma 1.2. 

QUESTION 2.4. Is Theorem 2.1 true if "homotopic" replaces by "isotopic" or 
"cobordant"? 

REMARK 2.5. The followings are true with respect to cobordism. 
(i) If Q#(-Q 1)~O forafusionbetween Q and -Q1, then Q~Q 1

• 

(ii) If Q ~ Q1, there are a link L in R 3 and the disks lB, lB I of fusion 
between Q and -L,L and -Q' such that Q#(-L)~O and L#(-Q')~O. 

58 58' 

THEOREM 2.6. Let Qi and Qi+2 be homotopic links with n-component for 
i = 1, 2. Then there are fusions between Q1 and Q2 , Q3 and Q4 such that Q1 # Q2 

is homo topic to Q3 # Q4. 

PROOF. As Qi and Qi+ 2 are homotopic, there are surfaces ff i and disks lB; 
satisfying Lemma 2.2 for i = 1, 2, where Q1 , Q2 C R 3 [OJ and Q3 , Q4 C R 3 [2). 
Thereisa3-ball E in R 3 [2] with Ena(ff1 Uff2 )=(-Q3 )U(-Q4 ). Let lB be 
the disks of fusion between -Q3 and -Q4 in E such that lB n (lB1 [2J U lB2 [2J) = 
¢. Then ff=(B\uff 2 -aian(ff 1 Uff 2 )x[O,2])U(alB-B\-ff2 )x[O,2J isa 
non-singular surface of genus zero in R 3 [O, 2] with a ff n R 3 [OJ = Q1 # Q2 and aiJ 
n R 3 [2] = (-Q3 ) # (-Q4 ) o ® o ... o ® by Lemma 2.2 (iii). Therefore Q1 # Q2 is 
homotopic to Q3 # Q4 . 

By using Lemma 1.2, the followings are obvious. 

THEOREM 2.7. Let Q be a link homotopic to zero. For a link Q', there isa 
fusion between Q and Q' such that Q # Q' is homo topic to zero, Q' is also homo­

topic to zero. 

THEOREM 2.8 Let Q and Q' be homotopic links and Q
0 

homotopic to zero. 
Then for any fusion between Q and Q

0

, Q' and Q
0

, Q # Q
0 

is homotopic to Q1 # Q
0

. 

COROLLARY 2.9. Let Q, Q' be homo topic to zero. Then for any fusion between 
Q and Q', Q # Q' is homotopic to zero. 

§3. Homotopy of links in solid tori. 

In this section, we consider the links in solid tori in R 3 and prove Theorems 3.1 
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and 3.4 which are the ex.tention of Theorem 1.3. 
Let 18 * = V:' u ... u v;: be mutually disjoint n solid tori in R 3 such that 

r* = cf u •••Uc;: is a trivial link for a core ct of Vi*, i= 1, ... ,n and fan 

orientation preserving homeomorphism of 18* onto 18 == V 1 U • • • U Vn such that 
f Iv!' : V;* ➔ Vi is faithful for i = 1, ... , n. For a link Q* = Qi U • • • U Q! in 
18* (or Q;* in Vi*), we denote f(Q*) (or f(Q;*)) by £ (or Q;). 

In this section, we consider the cases that r is a boundary link and that r is 
semi-cobordant to zero and prove Theorems 3.1 and 3.4. 

THEOREM 3.1. With the above situation, if r = f (r*) is a boundary link, Q 

is homotopic to Q*. 

To prove Theorem 3.1, we perform the similar discussion to that of Theorem 1.3. 
Lemma 3.2 is an extention of Lemma 1.1 which can be obtained by the same 

proof with that of Lemma 1.1. 

LEMMA 3.2. {[141). Let r, r*, Q and Q* be those of the above. If r ~ r*, 
then Q ~ Q*. 

PROOF of THEOREM 3.1. If there is a link £;* in v;* such that o(Q;*) = 0 for 
some i, Q = Q1 U • • • U Qn ~ (Q - Q;) 0 Q1 ~ (Q - £1) o Q;*_ Moreover as r is a 
boundary link, r - C; is also a boundary link. Hence to prove Theorem 3.1, it is 
sufficient to do that Q - Qt is homotopic to Q * - Qi*, So we assume that Pt = 
o(Q1*) > 0 for each i = 1, ... , n. 

Take mutually disjoint n solid tori U = U1 U • • • U Un in R 3 with cores 
-r = (-c1) U ... U {-en) such that U is splitted from 18 = V1 U ... U Vn, Let L1 
be a non-twisted parallel link with p1-component in U1 such that /(Q;, Mv) = 
-J(L;, Mu

1
), see the proof of Theorem 1.3, and L = L 1 U ... U Ln. Since 18 and 

U are splitted, r u (-r) ~ r o ( -r) and Q UL ~ Q O L. Hence there are the disks 
m of fusion between rand -r suchthat r#(-r)~O{~r*#(-r*)) by 

l8 
Lemma 2 in [6]. By 18, U and m, we can obtain mutually disjoint n solid tori 
180 = V10 U ... u Vno with cores r # (-r) in R 3 such that 18 0 contain a link 

l8 
£0 obtained by a fusion of Q u L, where the constructions of 18 0 , Q0 are the same 
to those in the proof of Theorem 1.3. Hence Q0 is cobordant to Qri by Lemma 3.2 
and Qri ~ Q *. Moreover as - r is a boundary link and L; is non-twisted parallel to 
-c; for each i, L is also a boundary link. So L is homotopic to zero by [1], [7], 
[8] and [15]. Hence Q is £-cobordant to Q*, namely Q is homotopic to Q* by 
Lemma 1.2. 

By Corollary 1.3.1 in [13], we obtain the following. 
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LEMMA 3.3. Let r, r* be those of Theorem 3.1. If r = C1 u ... u Cn s'::ni 
r* (~ 0), then r~ C1 ° ... ° Cn. 

By Lemma 3.3, we obtain the following. 

THEOREM 3.4. Let r, r*, Q = QI u ... U Qn and Q* = Qi U ... U Q: be 

those of Theorem 3.l. If r ~. r*, then Q is homo topic to Q*. semi 

PROOF. As r se~i r*, Q = QI u ... u Qn ~ QI O ••• 0 Qn by Lemmas 3.2, 3.3 

and each Qi is homotopic to Q;* by Thorem 1.3. So Q1 o ... 0 Qn is homotopic to 
Q* = Q{ o ... o Q!. Hence Q ishomotopic to Q*. 

As an extention of Theorem 3.4, we consider the following case. 
Let 58 = V 1 U ... U Vn, 58' = V~ U ... U V~ be mutually disjoint solid tori and 

g an orientation preserving homeomorphism of 58 onto 58' such that g I vi: Vi ➔ v; 
is faithful. Let Cj, c; be cores of Vi, v; respectively and r = C1 U ... U Cn, r' = 

c~ U ... Uc~. For a link Q in 58, we denote g(Q) by Q'. 

THEOREM 3.5. If r ~ . r', then Q is homotopic to Q'. semi 

PROOF. Let L = C1 ° ... ° Cn for Ci= Ci #(-ct) in R 3 
- 58' which is 

splitted from r'. Perform a fusion between r' and L and we obtain a link r" = 
r' # L. We can construct mutually disjoint solid tori 58" = vr U ... U v; with core 
r" and a link Q" in 58" such that g' (Q) = Q" for a faithful homeomorphism g' of 
58 onto 58 " by the same proof to that of Theorem 1.3. As r ~ r" by Theorem 1.5 
in [13), Q ~ Q" by Lemma 3.2. Moreover as r" is obtained by a fusion between r 
and L = C1 o ... ° Cn, Q" is £-cobordant to Q' by the same proof to that of 
Theorem 1.3. Hence Q is homotopic to Q'. 

REMARK 3.6. In Theorem 3.5, we can not replace "semi-cobordant" by "homo­
topic". Namely there are links r, r*, Q and Q* such that r ishomotpicto r* 
but Q is not homotopic to Q*, for example see Figures 3 and 4 in [7). 
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