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The concept of maximal lattice of quotients for a distributive lattice was defined
by J.Schmid in [11, 12] (taking as a guide — line the elegant construction of complete
ring of quotients by partial morphisms introduced by G.Findlay and J.Lambek
(see [8, p. 36])). The central role in the construction of the maximal lattice of
quotients for a distribuiive lattice due to J.Schmid in [11, 12] is played by the
concept of multiplier for a distributive lattice defined by W.H.Cornish in [4] (for a
study of multiplier extensions of implicative BCK-algebras see [5]).

The scope of this paper is to define (taking as a guide-line the case of distributive
lattices) the notions of Hilbert algebra of fraction and maximal Hilbert algebra of
quotients for a Hilbert algebra (in this paper we shall consider only bounded Hilbert
algebras). For some informal explanations of notion of ,, fraction* see [8, p. 37] for
the case of rings.

The paper is organized as follows. In section 1 we recall the basic definitions.

In section 2 we put in evidence many rules of calculus in Hilbert algebras which
we need in the rest of paper (especially (cis) and {c;)). In section 3 we define
the notion of multiplier for a Hilbert algebra (also we put in evidence many resulis
which we need in the rest of paper, especially in the section 4).

In section 4 we define the notions of Hilbert algebra of fraction and maximal
Hilbert algebra of quotients for a Hilbert algebra.

In the last part of this paper is proved the existence of the maximal Hilbert
algebra of quotients for a Hilbert algebra (theorem 4.5.).

1 would like to express my gratitude for the guidance given by the referee in the
elaboration of this paper.

1. Definitions and preliminaries

DEerFmNITION 1.1. A Hilbert algebra is a triple (4, =, 1), where A4 is a non-
empty set, - is a binary operationon 4, 1 €4 is an element such that the next
axioms is verified for every x, y, z €EA:

(@) x>(@->x)=1
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() (x> @>2)>((x>y)>(x~>z)=1

(a3) f x»>y=y—>x=1, then x =y.

If A isa Hilbert algebra, then the relation x <y iff x >y =1 is a partial order
on A (which will be called natural ordering on A); with respect to this ordering 1
is the largest element of A. A bounded Hilbert algebra is a Hilbert algebra with a
smallest element 0.

In this paper the symbols = and <« is used for logical implication and logical
equivalence.

EXAMPLES.

1. If (4,V,A,71,0,1) is a Boolean lattice, then (4, >, 1) is a bounded Hilbert
algebra, where — is defined by x >y =(T1x)Vy for x, y €A4.

2. If (4,<) isa poset, then (4, >, 1) is a Hilbert algebra, where 1 is the
largest element of A and x>y =1 if x <y and y otherwise for x, y €A.

3. Let (4, <) beaposetand a, b € A; the relative pseudocomplement of a
with respect to b, denoted by a — b, is an element of A such that for every x €A
the following equivalence holds: (forevery z €4 (z<g and z<x=:<b))) iff
x < a—b (the above definition is due to Katrindk in [7]). If a—> b exists for every
a, b €A, wesay that A is a relatively pseudocomplemented poset.

If (A, <) is a relatively pseudocomplemented poset, then it is proved that
(4, >, 1) is a Hilbert algebra ([10, p. 76]), where 1 =g —a for an element ¢ €4
and the natural ordering on A coincides with the original order <.

4. If (X, 7) is a topological space, then (7,—>, X) is a bounded Hilbert algebra,
where for Dy, D, €1, Dy > Dy =int (X — Dy)UD,) and 0=9,

5. A Heyting algebra [1, p. 174] is a lattice (4,V,A) with 0 such that for
every X, y €A there exists an element x >y €4 such thatfor z€A, x Az<y iff
z<x->y. If (A,V, A, 0) is a Heyting algebra, then (4,—>,1) is a bounded Hilbert
algebra, where 1 =¢ —a foran ¢ € 4.

If we consider 4 only with A, we obtain the notion of implicative semi lattice

[9].

In the rest of this paper, by A we denote a bounded Hilbert algebra,

If A4,, A, are Hilbert algebras, then f: A4, > A, is called a morphism of
Hilbert algebras if f(0)=0 and f(x—=>y)=f(x)>f(y) forevery x, yEA;.

We denote by Ds(A) the set of all deductive systems of A (see [2, 3]).

S C A iscalled Hilbert subalgebra of A if 0ES and x, yES = x>y ES.

2. Rules of calculus in Hilbert algebras

THEOREM 2.1. [6, p. 5]. If x, v, z €A, then the following hold:
(c;) x<y->x
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(c;) x—=>1=1

(c3) x> (=>z)=(x>y)>(x~>2)

(ca) (x=>y)>((=>x)>x)=(@>x)>({(x>y)>y)
(cs) x>(2>z)=y~>(x~2)

(ce) xS (x=>py)=>y, (x=>y)=>y)2>y=x-y

(c7) 1»>x=x

(cg) x»>y<(y~>z)>(x~z)

(co) If x<y, then z>x<z->y and y>z<x->z.

If x €A, then by x* we denote the element x —> 0.
From theorem 2.1, we deduce immediately

THEOREM 2.2. If x, y €A, then:
(cp) 0*=1, 1*=0

(cu) x-=>y*=p->x*

(Cz) x—>x¥*=x¥ x*->x=x**
(c13) x—>ysy*->x*

(c1a) If x<y then y* <x*

REMARK 2.3. If (X, 7) isa topological space and D €7, then D* = int (X — D)
and D** = int(D) (D = the adherence of D). If 4 is a Boolean lattice, then for
x€A, x*="lx.

For x,y €A, we denote by x\ y =x*>y and x\/y=(x~>y) > ((y >x)
->x).

LEMMA 2.4, If x,v,2€A, then

(c15) x<xVr,ys<xVy,xW¥Yx=x**x\Y1=1,x\yx*=1,x\y(y—>z2)
=(xVy)=>(xVz).

(cie) xVOV)=xVNVI=yVixVz).

ProoF. (see also [3]). (c;5)- We have x > (x* > p)=(x>x¥)>(x>y)=
x¥>(x->y)=(x->0)>(x>y)=x>0->y)=x->1=1 andso x<x*->y=
x Wy (the relation y <x Y/ y follows from (c,)); also, x Y/ x = x* > x =x**,
xWO0=x*>0=x** x\1=x*>1=1 Therelation x\(y>z)=(xVy)~>
(x\ z) follows from (c3).

(c16)- (after an idea of the referee). y <x* >y = (x* >y <y*=>y* >z
< (x* > y)* - z. Hence, x* > (y* >z) < x¥* > (x*>p)*—>z) < (x* > y)* >
((x*—p)*—>z) (since (x* > y)* <x*)=(x*>y)* >z (1).

On the other hand,
x* < (x* 2> y) > y(by (6)) < y* > (x* > y)* (by (c13)) < (x* > y)* > z) >
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(r* = z) (by (cs)).
Therefore,
L=x* > ((* 2 2)* > 2) > 0 > 1)) = (6 >3)* > 2) > (6* > 0% > 2)).
Thus, :
(x*=>y)*>z<x*>(*>z) (2.
By (1) and (2),we have that x \V (YW 2)=x* > (¥ »2)=(x*>y)*>z=

xVry)Ve.
The relation x\/ (¥ W z) =y ¥ (x \ z) follows from (cs).

Obs. For an another proof of (c6) see [3, p. 14].

LEMMA 2.5. If x,y,2E€ A, then:
(c17) xVy=yVx, x<xVy, y<xVy
(cig) xVx=x,xy0=x* x\/1=1
(c) XV(x>»)=1, xVx*=1
(c) =>»Vz=x->(V2)

ProoF. See [3,p. 12].

COROLLARY 2.6. If x,y €EA, then:
(c21) (x> y)r* =x** >y

PrROOF. If in (cyp) we put z =0, we obtain (x >y)V0=x->(V0)e
(X > P)** = x > p¥* & (x > p)*E = xk* > R (gince xFF > pEE = pF 5 yRKE=
y*-)x* =x ..)y**)'

LEmMMA 2.7. [2,p.30]. The following assertions are equivalent:

(i) A is Boolean lattice relative to the natural ordering.
(i) Forevery x €A, x**=x.

3. Multipliers on a Hilbert algebra

DeFINITION 3.1. § C A is called a \/-subset of A if forevery a €4 and
x€S wehave a\Yx ES.
We denote by S(A) the set of all \/-subsets of 4; clearly Ds(A4) CS(4).

LeEmMA 3.2. If DES(A), then:
(i) 1€D
(i) x€D = x**€D.

ProoF. (i). If x€D, since 1 €4, wehave 1\YxED ®0>x=1€ED.
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(ii). If x€D, then x\Yx €D < x**E€D.

DEFINITION 3.3. By a partial multiplieron A we meanamap f:D A4,
where D €S(A), such that forevery x, y €D and a €A4:

(a3) flaVx)=aVf(x)

(as) F(x**)=r(x)

@) xVi)=yVf(x).

By dom(f) € S(4) we denote the domain of f; if dom (f) = A4, we called
f total.

To simplify language, we will use ,,multiplier* instead ,,partial multiplier*, using
»total® to indicate that the domain of a certain multiplieris 4.

EXAMPLES.

1. The map 1: 4 >4 defined by 1(x)=1 forevery x €A isa total multi-
plier on A4; indeed, if x,a €4, then gy 1(x)=a*>1=1=1(aV x) and
1(x**) =1 = 1(x). Also,if x,y €A, then x\1(y)=x*>1=1 and y VY 1(x)
=y*->1=1, hence x\{ 1(y) =y V 1(x).

2. Themap 0:A4 > A defined by 0(x)=x** forevery x €4 is also a total
multiplier on A4; indeed, if x, a €4, then 0(a V x) = (a \/ x)** = g**% > x**
= (by (ca1)) @* > x** =g/ 0(x) and O(x*¥) = x¥*** = x** = ((x),

Also, for x, y €4, x W O()=x Y y** = x* > p*¥ = (by (cyy)) y* - x**
=y*>0(x) =y V 0(x).

3. For a€A and DES(A), themap f,: D = A defined by f,(x)=xVa
for every x €D is a multiplier on A (called principal).

Indeed, for b €A, x,y €D, wehave f,(b\Vx)=@GYVx)Va=bY (x\Va)
(by (c16)) = bV fu(x), fL(3**) = (x*¥)Va=x***>g=x*>g=f,(x) and
xV(=xVVa)=y V& Va) by (ci6)) =y Vi (x).

Obs. If dom(f,) = A, we denote f, by f,.

LeEMMA 34. If f: D A isamultiplieron A (D ES(A)), then:
@ f(1=1
(i) Forevery x €ED, x** < f(x).

ProOF. (i). Ifin (as) we put @ =1, we obtain that for every x €D, f(1Y{/ x)
=1Vf(x) ¢ f(1)=1

(i)). If in (as) we put @ = x, we obtain that for every x €D, f(x WV x)=
xWVFx) & fx*)=x*>f(x) ¢ f(x)=x*>[(x) (by(a)) = x<f(x) =
x*>x <x*>f(x) (by (co)) = x**<f(x) (by (c12) and (24)).
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For D €S(A), we denote M(D, A)={f:D > A/f isamultiplieron A4 }
d M(Ay= U MDD, A).
and M(A4) DESU) D, 4)

If DI,D2 ES(A) and fiEM(Di,A), i= 1,2, we define f1 "’fg: Dl ﬁDg f—
A by (,fl _)fg) (x) =f1(x)—>f2(x) for every x EDl sz (clearly Dl nD2 S
S(A)).

LEMMA 3.5. fi=>fLb €MD, ND,,A).

ProoF. If a €A and x, y €Dy ND,, then (fi>f)@Vx)=f(ayx)~>
f@V x) =@\ fi(x)) > @V fr(x)) = (by (c15)) a V (fi(x) = fo(x)) =
aV (i = f2) (x), (1 = fr) (x*) = [1(**) > HL(x**) = fi(x) = frlx) =
(fi=>f)(x) and xV (i =) @) =xV (1) > LN =&V HG) >
VL= VAED >V LE))=YyV(i(x)>A(x) =y (i) (x).

COROLLARY 3.6. (M(A),—, 1,0) is a bounded Hilbert algebra.

ProoF. The fact that M(4) is a Hilbert algebra follows immediately from
lemma 3.5.

If DES(A), fEM(D,A) and x €D, then 0(x)=x**<f(x)<1=1(x)
(by lemma 3.4.).

LEMMA 3.7. The map v4: A F=>M(A), defined by vy(a) =E for every
a €A is a morphism of Hilbert algebras.

Proof. If a, b, x €4, we have (fa= 1) (x) = f,(x) > fr(x) = (x V @) >
(xVb)=(by (c15)) XV (@~ b) = fos p (%), 50 V4(a) >v4(b) = v4(a > D).
Also, v(0) =0 since fo(x)=xV 0=x**=0(x) forevery xEA.

DEFINITION 3.8. D C A is called regular if for every x, y €A such that 1Y/ x
=t\y forevery t €D, then x = y.

For example, A is a regular subset of A sinceif x, y€A4 and t\Wx=¢t\Vy
for every t € A4, then for t =0 weobtain Oy x =0y ¢ 1>x=1=>y &
x =y (more generally, every subset of 4 which contains 0 is regular).

We denote R(4)={D CA/D isaregularsubset of 4 }.

LemMmaA 39. If Dy,D, E5(4) N R(A), then D; ND, ES(A)NR(A).

ProOF. Let x, y €4 suchthat t\Yx=1t\/y forevery t €D, ND,.
By (ci6) we deduce that for every #;,1, €A wehave (£; \V £,)\V 0= (t, V 1)
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VO0=1t V(2 \V0) and so, if ¢; €D;, i=1, 2, are arbitrary, then = (¢; \/ t»)
VO=(,Vt,)VOED, ND, (since t; V2 ED, and by lemma 3.2, t= (¢, £,)
VO=(t; V&)** €Dy).

Since ¢\ x =1tV y, weobtain ((t; VL)VOVx=({(t VLIVOVy =
HV{(LVOVX)=t V({2 VO VYY) Since t; €D, isarbitraryand D, €
S(4) N R(A), weobtainthat (£, WOV x=(WVOVY © L VOWVx)=
LYVOVY) ¢ L Wx=t Wy (since 0y x=1—-»x=x and O\/y=1->y=y).
Since ¢, € D, is arbitrary and D, € S(4) N R(A) we obtain that x = y, hence
Dy ND,ES(A)NR(A).

REMARK 3.10. By lemma 3.9., we deduce that M,(4)={ fEM(A)/ dom (f)
€S(A)NR(A)} isaHilbert subalgebra of M(4).

DEeFNITION 3.11. Given two multipliers f,,f, on A, we say that f; extends
fo if dom (f3) Cdom (f;) and fi(x) = fa(x) forall x € dom (f;); we write
< fi if fi extend f3.

A multiplier f is called maximal if [ can not be extend to a strictly larger
domain.

LEmma 3.12. (i) If f1,f» €EM(A), FEM(A) and f<f, <[y, then f1
and f, agreeon the dom (f;) O dom (f3).

(ii) Every multiplier € M,(A) can be extend to a maximal multiplier. More
precisely, each principal multiplier f, with dom (f;) € S(4) N R(A) can be
uniquely extend to a total multiplier f,, and each non-principal multiplier can be
extended to a maximal non-principal one.

ProoF. (i). If by contrary there exists ¢ € dom (f;) N dom (f,) such that
f1(2) # f2(¢), since dom (f) € R(A), then there exists ¢’ € dom (f) such that
VA FNV L) @ AEVDFRE VD) @ [ VIIELAE Y 1)*)
which is contradictory since o = (£'\V)** = ((£')* = £)** = (')* > %% = ¥ >
(EY** =\ (£ )** €dom (f).

(ii). We first prove that f, can not be extended to a non-principal multiplier.

Let D = dom (f,) €ES(A) NR(A), f, : D > A and suppose by contrary that
there exists D' € S(4), D C D' (hence D' €ER(A)) and a non-principal multiplier
FEM(D',A) which extends f,.

Since f is non-principal, there exists xo €D’, xo €D such that f(xe) # X0\ 2.

Since D €R(A), then there exists t €D such that t\/ f(xo)F 1tV (xo Wa) ©
FAV x) #F @V x)Va @ f(EVx)*)F(EVx)Va=((tVx)*)Va.
Denoting fo = (£ xo)** = (#* > xo J** = ¥¥* 5> x** = p* > 8% = x * > t¥% =
xo V t** €D (since t** €D).

We obtain that f(¢,) ¥ to Y/ @ which is contradictory since f, < f. Hence f,
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is uniquely extended by f;.

Now, let f€M,(A) be non-principal and My = {(D,g)/DESA), gEM(D, A),
dom (f) CD and g 40m sy =f} (cleatly,if (D, g) € M;, then D ES(4) NR(A)).
The set My is ordered by (D;,8:1)<(D2,82) iff D, CDz and &1p, =81-

Let {(D;,g)/i€1I} beachanin My Then D' = UD ES(A) and

dom(f)C D'. So, g : D' > A defined by g'(x)=g,;(x) if xED,- is correctly
defined (since if x €D; N D; then by (i), g:(x) =g;(x)).

Cleatly g' € M(D', A) and g’ 40m () =F (since if x € dom (f) C D', then
x €D' and so there exists i €/ such that x €D;, hence g’ (x)=g;(x) = f(x)).

So, (D',g") is an upper bound for the family {(D;,g;)/i€1}, hence by Zorn’s
lemma, My contains at least one maximal multiplier # which extends f.

Since f is non-principal and s extends f, k is also non-principal.

On the Hilbert algebra M,(4) we consider the relation p, defined by (fy,f2) €
p4 iff f1 and f, agree on the intersection of their domains.

LEMMA 3.13. py4 isa congruence on M,(4).

ProOOF. The reflexivity and the symmetry of £, are immediately; to prove the
transitivity of 24, let (fi, f2), (f2,f3) € py. Therefore fy,f, and respectively
f2, fs agree on the intersection of their domains. If by contrary, there exists xo €
dom (fy) N dom (f3) such that f(xo) # f3(xo), since dom (f;) €R(A4), there
exists £ €dom (f3) such that 1\ fi(xe) FtWa(xe) ¢ (VW x0)Ff3(t\V X0)
< fi{(r V x0)**) # f3((t V X0)**) which is contradictory since (#\/ xo)** €
dom (f1)Ndom(f2)Ndom(f3) (see the proof of lemma 3.9.).

The compatibility of p4 with = is immediately.

For fEM,(A) we denote by [f] this congruence class and A" =M, (4)/P,4.

LEMMA 3.14. Themap vy: At—>A" defined by vy(a)=[f,] isan injective
morphism of Hilbert algebras and v4(4) ER(A™).

PrROOF. The fact that v, is a morphism of Hilbert algebras follows from lemma
3.7.

To prove the injectivity of vq, let @, b €4 such that vy(a) =v4(b). Then
[fol =1fs] ¢ (ff)€P4 * fa(@)=Fp(x) forevery x€4  x\a=
x\Wb forevery x€A4 © a=b.

To prove v4(A) € R(A"), if by contrary there exist f;, f, €M,(4) such that
[fi]# [f21 (that is there exists xo € dom (f1) N dom (f,) such that f;(xo)+
f2(x0)) and [LIV [ il =[HIVIfa]l ¢ [LVA]=[fVFf] forevery a
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€ A, then in particularly for 2 = x, we obtain that for every x €dom (f;) N
dom (f), (e, V1)) (¥) = (fa, VF2) (0) * (FF=>1) @) = (> (x)
((fx, (*) 2> 0(x)) > f1(x) = ((fx, (%) > 0(x)) > fa(x) & ((x* > x0) > x**) >
FUE) = (8 > X0) > X*9) > f3(x) & (2% > x0¥) > f1(X) = (x* > x¢*) > f(x); in
particularly for x = x, we obtain 1 - fi(xp) = 1= f5(x0) ¢ f1(x0) = fa(x0)
which is contradictory.

REMARK 3.15. Since for every @ €4, f, is the unique maximal multiplier on
[ ﬁ ] (by lemma 3.12.), we can identify []—‘; 1 with f;.

So, since v4 is an injective morphism of Hilbert algebras, the elements of 4 can
be identified with the elements of the set {f,/2a€A }.

LEMMA 3.16. In view of the identifications made above, if [f]1 €A" (with
FEM,(A) and D = dom () ES(A) NR(A)), then:

DCla€A/f,VIfl1€A L.

PrROOF. let a €D. If by contrary f_a V [Ff] €4 (thatis []7,, W\ K-
v4(A4)), then f,\/f is a non-principal multiplier on A.

Then, by lemma 3.12., (i), f, \V f can be extend to a non-principal maximal
multiplier f: D = A, with D €S(A).

Thus, D CD andforevery x€D, f(x)=(LVHX) =G> HE) =
(fa > 0) > ) (x) = (fa(x) > 0(x)) > f(x) = ((x* > a) > (x* > 0)) > f(x) =
(x* > a*) > f(x).

Thus, for every x €D, x* - f(x) = x* > ((x* »a*) > f(x)) ® f(x*>x)=
(x* > a*) > (@* > f(x)) & Fx**)=x*>@*>f(x)) & f(x)=a*>(x*>f(x))
=a* > f(x)=aV f(x). B

Since a €D, then by (ag) we deduce that for every x €D, f(x)=a\/ f(x)
= x \/ f(a), thatis f, p is principal which is contradictory with the assumption that
f is non-principal.

4. Maximal Hilbert algebra of quotients

DEFINITION 4.1. A Hilbert algebra 4’ is called Hilbert algebra of fractions of
A if

(a;) A is a Hilbert subalgebra of A’

(ag) Forevery a',b’,c’' €A’, ' # b, there exists a €4 suchthat a\/a'#

a\ b and a\ ' €4.

So, every Hilbert algebra is a Hilbert algebra of fractions of itself.

As a notational convenience, we write 4 <A’ to indicate that 4’ is a Hilbert
algebra of fractions for A.
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DEFINITION 4.2. M is the maximal Hilbert algebra of quotients of A if A<M
and for every A’ with 4 <A’, there exists an injective morphism of Hilbert algebras
itd' =M.

LEMMA 4.3. Let A <A'; then forevery a',b' €A'., a' #b’, and any finite
sequence ¢y,ch,...,cn €A, there exists a €A such that a\/a' #a\/b' and
a\ ;€A for i=1,2,...,n.

ProoF. Assume lemma holds true for # — 1. So we may find » €4 such that
bya #bWb and b\ ec;EA for i=1,2,...,n-1. Since 4 <A’, we find
c€A suchthat ¢y (bW a)Fc\V (b\Vb) and ¢\ c, €A. The element a =
bY/ ¢ €A has the required properties.

LemMA 4.4. Let A<A' and d €A'. Then Dy = la€Aj/a\yd €4} €
S(4) NR(A).

PrROOF. If a €A and x €D, then x\a' €A and since @Vx)Va =
a\/ (x\Va')EA itfollows a\/x €Dy, hence D, € S(A). To prove D, ER(A),
let x, yE€A suchthat e\yx=a¥y forevery a €D,

If by contrary x # y, since A <A', there exists gy €4 such that g, \/ &' €4
(that is @y €D,') and @, Y x ¥ ap \/ y, which is contradictory.

THEOREM 4.5. A" (defined in section 3) is the maximal Hilbert algebra of
quotients of A.

Proor. The fact that A is a Hilbert subalgebra of A" follows from lemma
3.14. and remark 3.15.

To prove A <A”,let [f], [g], [R]€A4” (with f, g h €M,(A)) such that
[g] # [h] (thatis, there exists xo, € dom(g) N dom (k) such that g(xe)# A (x,)).

Put D = dom(f) ES(A) N R(A) and Dypy = {a€A/f[;V[f]1EA}. Then
by lemma 3.16., D C D).

If suppose that for every a €D, £,V [gl =FfV [#], then [f,Veg] =
[fz V21, hence for every x € dom(g) N dom (%) we have (f; WV g) (x) =
{(f2V B) (x) ¢ (analogously than as in the proof of lemma 3.14.) <

(x* > a*) > g(x) = (x* >a*) > h(x).
From this last relation we deduce that for every x € dom(g) N dom (k)
x* = ((x* > a*) > g(x)) = x* > ((x* >a*) > h(x)) = (x* ~>a*)

> (x* > g(x)) = (x* > %) > (x* > h(x)) = x* > (@* > g(x)) =x* > @* > h(x))
= a* > (x*>g(x))=a* > (x* > h(x)) = a* >g(x)=a*>h(x) ¢ aVg(x)
=g \/ h(x).



Hilbert algebras of fractions 171

Since D € R(A) we deduce that g(x) = h(x) for every x € dom(g) N
dom(h)< [g] =[h] which is contradictory.

Hence, if [g] # [#], then there exists ¢ €D such that f, \V/ [g] #/; V
[h].

But for this @ €D we have clearly f, \/ [f] €4 (since D C Dyy}), hence
A<A".

To prove the ,maximality” of A", let A’ be a Hilbert algebra such that 4 <A'.

Then A’ isembeded in A" by virtute of i: A" A" defined by i(¢') = [f,']
forevery a' €A’, where dom (f,') =D, (see lemma 4.4.).

Clearly f, €M,(A) and i is a morphism of Hilbert algebras (see lemma 3.7.).

To prove the injectivity of i, let a',b' €A’ suchthat [f'] =[fy'] ¢ fy(x)
= fp(x) for every x €Dy N Dy, If a' #b’, by lemma 4.3, (since 4 <A') there
exists @ €A such that a\/d', a\yb' €A and a\/ d #a\/ b which is con-
tradictory (since a\Va', a\yb' €A = a €D, NDy').
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